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WWW-hakukoneet kasittavat nykyiselladn yli miljardi dokanttia. Lisaksi tietokantojen kay
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Notational Conventions

The abbreviations and acronyms used in this text are fewreTére only two that need to
be familiar in order to follow the discussioEEBST stands foexternal binary search trees
a the class of trees defined in Section 2.2. Also another waaroeferring to a class of trees
is necessaryAVL trees [1] are named after their inventors Adel’'son-Vel'skid Landis.

logxz Logarithm to the base two

rounded to the closes integerz, |log, x|
O(x) Worst-case complexity proportional 10
Q(x) Lower-bound of complexity proportional to
©(x) Complexity bothO(z) and(z)

Trees are generally marked with capital letters, as indiafichodes are named with lower-
case letters. The size of a tree is signified with an algelnratiation of absolute value, used
amongst all in set theoryT'|.

In the illustrations of treeghe root is drawn as the topmost nodéen shown, as recom-
mended by Knuth in [25]. Otherwise the direction of the raosignified with a dotted-line
parent link from the subtree root. In EBSTsaf nodes are colored gray and routers white
to remind the reader of the distinction. At times the treesrat drawn full at the leaf level,
but a subtree is replaced by a triangular shape. If not statetwise, that subtree may also
be empty.

Vii



Chapter 1

Introduction

As the amount and significance of digital information in eday life has grown substan-
tially over the last decade, improvements in data managearerwelcome. A central part
in database operation is the index, one or often more, tlsmialis the structure of the
database. A database is accessed only through the indexn@ly scanning the storage
files is highly inefficient in most cases [26]. In this thesig, overview of the problematics
of efficient database indexing is provided, with emphasisate and rebalancing.

Different types of trees are commonly used structures fiexing, especially variations of

balanced binary search trees. They provide an efficientemehtation for the basic index
operations: searching, inserting, or deleting a specificakal associated data [26]. How-
ever, the problematics of keeping the tree in balance andlaiiony simultaneous operations
downgrade the achieved performance. Indices can resitidrbotain memory and in other

storage medium. B-trees are a common choice for disk-baskces, whereas binary trees
are mostly used for main-memory applications.

Two important improvement strategies an@up updateandrelaxed balancing In group
update operations are batched instead of processing eaatasdy [20, 52]. Relaxed bal-
ancing means that the maintenance of the index is delaydat asdex is in heavy use, and
performed at a more tranquil moment [18, 24, 33, 40]. Thesedpproaches have recently
been combined for a few types of tree indices [33, 34, 35]tHiresulting solutions have
not yet steadily improved the index performance in all ainstances. Even though the al-
gorithms speed up the processing under certain condittbesperformance is below the
original level in others [33].

In this thesis a combination approach is suggested for a ofakinary trees. The goal is
to provide an algorithm whose performance is of at least thgnal level in all conditions
while it still ensures the speed-up for those conditionsifalile to group updates. The sug-
gested solution is analyzed in detail and examined in paatiith a simplified but fully
functional model of the suggested solution. The analysisvshthat the cost of the pro-
posed algorithm is of similar or smaller magnitude than thditional usage of individually
balanced single operations. It can be safely concluded fhenexperiments that the group
update brings savings in the total operation cost, but thgpasison of strictly coupled and
relaxed balancing cost is inconclusive. Further resedrahdould provide answers to the
open questions are described with the test results.

The discussion of the improvement strategies togethertivitlanalysis and the experiments
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leads to the conclusion that the proposed algorithm is amawgment to operating the in-
dex. It introduces significantly lower search cost and cditipe update and rebalancing
cost together with a less restrictive operation mode. Tlanlobang may be performed grad-
ually and paused at times, and the amount of locking reqgud@edoncurrent operations is

lower.

The text is organized as follows. First, in Chapter 2 thedasncepts of trees in database
indexing are presented. The problems of the traditionalaaah are discussed in Chapter 3.
Furthermore, in Chapter 4 the known improvements of reldoaddncing and group updat-
ing are explained and the currently known approaches asepted. A relaxed-balance
group update algorithm basing on these improvement stestég presented in Chapter 5
and analyzed for correctness and computational compliex@hapter 6. For practical com-
parison, experiments with the model implementation aremdmnted in Chapter 7. Finally
in Chapter 8 the suggested approach and its performanceaiafly Bummarized and the
implications of this work discussed.



Chapter 2

Indexing with Search Trees

In this chapter a general outline is given on the practicenfdrmation indexing. The
nature and importance of indices is explained and the pmudtties pointed out through
some concrete examples. In Section 2.1 some of the difféypas of tree structures used
in indexing are introduced and the choice of trees used Bttiesis is explained. The
chosen class of external binary search trees (EBST) is defin8ection 2.2. The index
operations together with their implementation on an EBST @esented in Section 2.3.
The effect of the index operations on the structure of an EBI®Tdiscussed in Section 2.4,
and a solution for the problems caused by the structuralggsais presented in Section 2.5.

Indices are not only used for traditional databases sucihrasy catalogues and employee
databases, but only an important part of the functionalitiooexample keeping track of
mobile phones present at a certain base transceiver stafibm directories such as Mi-
crosoft's Active Directory, storing information of netwoobjects in a hierarchical manner
have grown popular in large corporations and communitiesy &lso rely on indices for
service speed. Also, as data mining is used to retrieverirdtion, at least the intermediate
storage of data needs an index to be accessed fluently.

Every large database requiresiadexor often several indices, through which they locate
and retrieve data. An index is practically a listing of thetemts of a relation or an entire
database, sorted by some chosen information. For exampé&naioyee database in a
company could have one index by the social security numbieesnployees and one by
name. When the information of a certain employee is needsdorhher information is
retrieved through one of the indices depending on whetteeprson making the query
knows the social security number or just the name. The indexains the information
where in the database (i.e. where on the disk storing thé thetamployee data is located.
With this index information that data may be retrieved.

As an example of databases and indices, a full-text databas¢h illustrative and concrete.
Large document databases have become a popular tool farchses and students, as
digital libraries available on the World Wide Web have growrbe an essential source of
scientific information. The demands on information retalesystems are rapidly increasing
both by the growing amount of data and the growing user ptipalaFormerly a database
was operated and queried by just a few scientists or engineanpared to that, the patience
and know-how of the current users seems diminutive [55].

Thefull-text indexingalso known ainverted-index techniquie a wide-spread approach for
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indexing text documents in such a manner that each word ircandent may be an index
term, instead of using only predefined keywords for the intgkd4, 45]. A drawback of
this method is evidently the heavy load on an update — eacdheobften numerous index
terms will require to be updated as a document changes. dasttort document, a few
pages in length, contains thousands of search keys [54].

2.1 Types of Index Trees

As the purpose of indexing is familiar, a more abstract apginccan be adopted. Essentially,
database indexing is a problemendternal searchingn which a transaction needs to access
information stored in a large sequential file or a collectafrsuch files. A typical data
structure for such an index isteee[26].

Binary search treeare widely used and fairly efficient data structures for tiagcbrdered
data [26, 50]. Hence they are also of high importance in imdgxAppropriately chosen
tree representations meet the demands of external segnaleilh as they can be split up
into natural blocks osubtreeghat can be assigned to a separate file each and still traverse
efficiently due to their ordered nature. The idea is bestraged in Figure 2.1, adopted
from Knuth [26].

FIGURE 2.1: An example of splitting an index tree on several pages.

A step towards the current trend in tree indices was takenamdauer [27] in 1963 by in-
troducing a balanced tree kept in proper form by insertiatedng and heavy-cost rotations
upon updates. His work was based on the understandable ptisuitinat data updates are
quite rare in comparison to information retrieval. Afteatland the introduction of AVL
trees in 1962 [1], a variety of balanced search trees @itlog n) complexity for basic in-
dex operations were developed. One of these advances wasfthition of B—treed by
Bayer and McCreight [9].

Another genre of binary search trees knowmekblack tree$18] has also been a common
choice for index trees, recently researched by Hanke in her tResis [19]. These trees
are also searched and updatedifiog n) time and kept in balance through rotations. The
imbalance is located by observing thelors of successive nodes, searching for so-called
red—black violations.

Ever since the seventies, balanced variations of B-treddarary search trees have been
typical as index structures. In this thesis, | have chosarotentrate omexternal binary
search treegEBST) for analytical simplicity and fair performance woilt enhancement.

!B-trees are not explained in this thesis even though refdoat times. For a discussion on B-trees, see
e.g. Knuth [26]. Knowledge on them is not required for follog/the text.
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It is also an easily generalizable structure. To ensureotmiterminology on the behalf of
the discussion and the reader, | shall start with definingchiesen class of trees and their
operations.

2.2 External Binary Search Trees

A general definition for a tree is a set or a graph consistingpdesandedges The edges or

links are usually directed in the sense that the node where an ediigates is considered
theparentof the node where the edge ends, although in practice, thaldrverse direction

of the edge can be either one and often both. A more generdbeandl discussion on trees
is available by Knuth [25]; here | simply summarize thoseea$p that are essential in
further discussion.

In abinary treg each node has one parent (i.e. one incoming edge) and atwaagtildren
(i.e. targets of outgoing edges). The children are ordeneddistinguishable in the sense
that one is thdeft child and the other theght child. The children of the same node are
each other'siblings

An exception to the rule ia parentless nodknown asroot, which is considered the begin-
ning of the tree, through which the tree is conventionallgessed. Any node is the root of
a subtreebeginning in that node. The subtree includes the node iselfany node that is
reachable from there (its children, their children and sthjo Theleft subtreeof a node is
hence the subtree rooted at the node’s left child. Any nodedsubtree of a certain node is
a descendanof that node, and any node on the path from a node to the roatas@estor
of that node.

In order to have a finite tree, some nodes must not have anychiddeen. A childless node
is called aleaf or more generally aexternal node In some classes of trees, leaves and
routers have different purposes for the tree operation.

root

left child - right child

right subtree of the root

FIGURE 2.2: An example of a binary tree.

A search treds a tree used to store and locate certain information. Therequirement
on the information is that it can be ordered; e.g. words aderad alphabetically. A piece
of information in a search tree is calledkay. The naming convention follows the fact
that usually indices contain no data, only information oreveha certain piece of data
may be found. Thus the index information acts as a key to theahdata in the database.
Commonly the key is paired with an address of the data [9]hithesis, the information
associated in a certain key is of no further interest.

In an external tree all keys are stored in the leaves and the internal nodes aclynas
routersthat present the order of the keys within the tree. The vafuge router states the
order of the keys stored in the subtrees of that particulaterpthose that come before the
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router value when ordering the keys are located in the Idftreg, and the others in the

right subtree. Thus the nodes of an external tree are afiraitiuters if internal and leaves if

external. This is illustrated in Figure 2.2 by coloring teaves gray and leaving the routers
white. The same practice will be used to display EBSTs thnougthis thesis.

External binary trees arill trees, meaning that each node may have either two or no
children. This definition together gives that all routersstritave exactly two children and
no leaf naturally has any children. This class of trees is eddled0 — 2-trees [25].

Each leaf contains one key value, and the routers also hdwesvihat are members of the
possible key space but not necessarily values of existinp® This loose definition of
router values is common, as the overhead of updating theimededf keys change is both
tremendous and unnecessary.

To return to the suitability of trees into indexing, it is ngassible to explain the division
of a tree into several pages in memory as in Figure 2.1. Asrals@aocess for a particular
key begins at the root, the first page needed should contaieegsa portion from the index
tree as fits on a single page, cut from a certain level (afterettevels in Figure 2.1). The
subtrees that were cut out from the primary file can each bgreessan own page, if they
are appropriately small, or divided further in the same neatimat the original index tree.

In this thesis, positive integers are chosen as the keybgasorder is easily perceived and
they are easily generalized to anything that can be redaggakitive integers of any length.
For example, words of the English language are reducibletégeérs e.g. as a sequence of
the ASCIll-values of the letters.

The keys of a tree are stored in an orderly fashion so they edochted without proceeding
through the entire tree. A usual criterion for the locatidra@ertain key is the following:
beginning from the root, if the value of the key stored in thetris smaller than the key
being located, continue at the left subtree. Otherwisetimoa at the right subtree. In
literature, the choice on whether equal keys go to the letti@right subtree varies.

Definition 2.1. An EBST tre€T is in order if for all nodest in T the following applies:
For all nodess in the left subtree of, key(s) < key(t) and for all nodes in the right subtree
of ¢, key(r) > key(t).

As the location procedure arrives to a leaf node, the coloeation for the key in question
has been found. The leaf where a query of a specific key endadlésl theposition leafof
that key.

The recursive procedure can be expressed as the followiagdpscode. The all nodes
have a key value, represented gde. key, and respectively the child nodes of a router
arerouter. |l eft androuter.right. The approach is object-oriented for fluency in
reading.

2A router gets its value as it is created in a leaf split disedsis Section 2.3 from one of the leaf key
values involved in the split. The leaf that 'gave’ the valadte router may however be deleted at a later time,
without necessarily removing the router. Routers mustmiegkess contain values that are possible key values,
as otherwise they would block access to a part of the indetheaapplication uses key values to navigate in the
structure.
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procedure locate{nt key, nodecurrent) :leaf {
if (currentis leaf) {
return leaf ;
} else{
if (current.key < key) {
locate(key, current.right);
} else{
locate(key, current.left);

}
}
}

The locating of the position leaf of a key in a tree always begit the root of that tree. With
the procedure for locate defined above, it is possible to@iefinition for the position leaf:

Definition 2.2. The position leafof a key k in a tree rooted at nodeis the leaf that the
procedure locaté( t) returns.

The position leaf is thus the leaf where an index operationlevtake place for a given key.
The set of operations on an EBST is defined in the followindicec

2.3 Index Operations

The possible set of operations on an index is not a fixed seh application developer
may choose his or her own operations. The most commosearhingfor a given key

or a key position in the indeXetching the next keto the previously accesseimserting

a new key into the index, andeletingan existing key from the index. Search, insert and
delete operation are examined in more detail. EBSTs do matige special mechanisms
for fetching the next key; for example a special case of Barealled B'K-trees support
traversing directly from one leaf to the next.

In order to modify a database entry, one must first searchh@®corresponding key in the
index, retrieve the data pointed to by the key informatidaresthe data locally, delete the
entry from the database, make the necessary modificatioallyj@nd insert it as new data.
This is why some have chosen to include a fourth, separatéficaibn operation, but for
formal treatment, researchers have usually limited then@ation to search, insert and
delete.

In the following discussion it is expected that the key of da¢a operated upon is known.
The details on how the key is determined are applicatiogiBpe It may be a hash value
computed from some part of the data, e.g. the name of a persmherwise obtained.

2.3.1 Search

All databases need to be accessed and a vast majority modiftedarying frequency. The
access operation is calledsaarchoperation. It consists of locating the key in question
from the index and using the key to retrieve data from theagter This is the most common
database operation in most practical databases, suchrak segines and library catalogs.
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procedure searchifit key,noderoot) : data {
leaf location<— locate(key, root);

if (locationis null ) {

return null // KEY NOT IN TREE
} else{

return location.retrieveData();

}
}

As seen from the above outline, a search operation does rdifyntbe index tree in any
way. Hence, if a search operation is done on an EBST, thedrs#llia valid EBST after
completing the operation.

Lemma 2.1.1f a search operation is performed on an EBBTthe resulting tre€” is also
an EBST, and" = T".

2.3.2 Insert

If new keys need to be added to the index, the necessary mpeigmfninsert If data with
the same key already exists in the tree, it depends on thécafph area what needs to
be done. In a library catalog, for example, it must be posditt one keyword to point to
several different publications, but in a population regjisbne social security number may
only point to one person. For simplicity, the latter optisnuised here as in fundamental
literature [26].

procedureinsert{nt key,noderoot) : router {
leaf location< locate(key, root);

if (location.keyis key) {
return null // KEY ALREADY IN TREE
} else{// KEY INSERTION
return location.split(key); // @ERATION SUCCESSFUL

}
}

Inserting a new leaf where one leaf already exists requiregteation of a new router that
will hold these two leaves. The new router is placed on thatlon original position leaf,
and the two leaves as its children. Here the splitting of thgiral leaf into a router and
two leaves is denoted as thplit operation, which returns the newly created router.

=)

FIGURE 2.3: Inserting a new kel < « results in the split of lea& into a routerc with the
key value ofe and a new leab.
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Lemma 2.2.If a successful insert operation is performed on an EBS1he resulting tree
T'is also an EBST, anfd’| < |T”|.

2.3.3 Delete

As a piece of information becomes outdated, it needs to bevedifrom the index. The re-
moval operation is calledelete Upon deletion, the corresponding key needs to be located,
the data pointed to by the key destroyed and the key remowed the index. The proce-
dure that removes the key returns the parent of the locatidesiparent, best explained by
Figure 2.4.

procedure delete{nt info, noderoot) : router {
leaf location< locate(key, root);

if (location.keyis not key) {

return null // KEY NOT IN TREE
} else{// KEY DELETION

return location.remove();

}
}

As can be seen from the procedure definition, the simpleidelef the requested leaf does
not leave the index tree in a well-defined state. As each résit@quired to have exactly
two children, the parent of the removed leaf needs to be rdengéh his parent. This is
included in the definition of theenove procedure call above.

=)

FIGURE 2.4: Deleting a single ledfalso removes the parent router

Lemma 2.3.If a successful delete operation is performed on an EBSfhe resulting tree
T' is also an EBST, and’| > |T”|.

2.4 Size and Shape of Index Trees

As seen from the operation definitions, using trees as isdgaot completely straightfor-
ward. The insert and delete operations cause structurabelsan the tree, which result in
changes in the shape of the tree. A symmetrical tree witteallds on the same level and
all routers full can guarantee accesglflogn) time. Such a tree is said to lsempletely
balancedor optimalwith respect to the length of the path traversed going froartiot to a
leaf [5].

Definition 2.3. A full tree with all leaves on the same level is calledaaiimal tree Each
path from the root to a leaf has the same length in an optireal tr
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If the tree is not reshaped after updates but changes itststeurandomly with incoming
update operations, the outcome may be quite list-like. g worst case is a tree reduced
similar to a linked list having: — 1 levels and linear-time worst-case complexityn) [3].

A badly out-of-balance tree (called anbalancedree) can require large structural modifi-
cations to bring it in balance and take much time to optimize thus block the index from
use [24].

Balanced tree withh = 8 has depth of 3.

The worst-case imbalance far= 8 has depth 6.

FIGURE 2.5: Animbalanced versus a balanced EBSTifer 8.

To avoid situations as in Figure 2.5, algorithms have beestcacted to keep trees in perfect
or close to optimal balance while being operated on. The f@idgnary search trees as
database indices is therefore based not only on the ordeceds but also the possibility
of controlling the worst-case access time

Commonly, a balanced tree is defined such that for no nodéeight of it subtrees dif-
fers by more than one. This is known as the AVL-balance candits it originates from
AVL trees [1, 26]. Also other balance conditions are beingdjsising e.g. path lengths or
assigningweightvalues to nodes [26].

To understand the definition of balance, the height of a eeltnust first be defined: The
height of a subtree is the height of the root node of the sabifae height of a router is the
length of the longest path from that router to a descendaift For all leaves the height is
one.

Definition 2.4.
Theheightof a nodet, denoted byheighi(¢) is

heightt) — 1, iftis a leaf,
g ~ | max{heightleft(t)), heightright(¢))} + 1, if t is a router.

Hereleft(¢) andright(¢) are the corresponding children tof
The height of a tree is the height of the root of that tree; Hmaesapplies for subtrees:
Definition 2.5. Theheightof a treeT’, denoted byheigh{T") is

heigh{T") = heighit), ¢ is the root ofT.

Thus it is possible to write an expression for the balancetoéex

Definition 2.6.
AtreeT is in balance iheigh(7") = O(logn).
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The possible conditions by which to ensure this balance aiews. For the EBSTs | have
chosen the AVL balance condition:

Definition 2.7. An EBST is in balance if for all nodesin T" applies

Iheight(left(¢)) — heightright(¢))| < 1.

To explain the usefulness of tree balance, the number ofsnioden external binary search
tree needs to be considered. In the following discussiomtdtal number of nodes the a
tree is denoted byv and the number of leaves by The depth of the tree is denoted sy

In order to define tree depth, the depth of a node must first fieedie The depth of the tree
is consequently the depth of the deepest node.

Definition 2.8.
Thedepthof a nodet, denoted bydeptht) is

0, if tis the root,
depth(¢.parent + 1, otherwise.

depth(t) = {

Heret.parentis the parent node af

Instead of searching for the deepest leaf, the tree deptlalsanbe written simply as a
relation to the height of the tree as follows:

Definition 2.9.
Thedepthof a treeT’, denoted bydepth(7") is

depth(7") = height(T") — 1.

For a tree consisting of only the rodt, = n = 1 andd = 0. For a tree to hold two keys, it
must have one router, and = 3 for n = 2, with d = 1. The tree has now twigvels the
root is on the top level and the leaves on the next level. Tidecthree keys, we must split
one of the existing leaves into a router containing the previeaf and the new leaf, as in
the insert operation described in Section 2.3.

When comparing the values of, n andd in Table 2.1 two interesting observations can be
made:N = 2n — 1 andd = log, n for anyn = 2%, (k = 0,1,2,...).

Locating any key in a node of depthrequires exactly steps, that i€)(¢) time. Thus for
an optimal tree, with the preceding observations validatiog any node in a tree with
keys can be done i@(d) = O(log, n) time. This is generalizable for all balanced EBSTS,
instead of limiting to the optimal trees.

Whenn = 3, the tree has one router and two subtrees, one of them a $@afland one
a two-leaf subtree. The height of the one-leaf branch is and,the height of its sibling
2. Generally, by Definition 2.4, the subtrees of a routevhereheightt) = h need to be
either both of the height — 1 or one of that height and the othier- 2. The latter possibility
is analyzed here, as the fully balanced treelhgs + 1 height.

The sizen;, of the subtree rooted atcan be expressed with the sizes of its subtrees:
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TABLE 2.1: Number of node#/, number of leaves and tree deptld in an EBST.

N 31
n 16
d 4

Np = Np—1 + Np—2.

From this observation it is possible to derive an upper bdonthe height of the tree. By
adding one to the both sides of this equation and reorgapititakes the following form:

T+np=04np1)+ 1 +n,_2).

Let £}, = 1 + ny. The above equation then becomi@és = Fj,_; + Fj,_s. This is the
Fibonacci sequence, for which

h
1
Fy > ¢ _ 1, where¢ = +2

V5

By substituting this inta;, = Fj, — 1, the tree size takes the form

IS

¢h+2

V5

As the beginning setup was the case in which imbalance aireddted, this can now be
written for any tree size and solved for the tree height.

Gy > _2. (2.1)
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logy(n +2)
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h
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75 -2
¢h+2
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¢h+2
o ()

h+2 —logy(V5)
1.440 log(n +2) — 0.328

The latter analysis is the same that Adel'son-Vel'sikid Landis [1] originally used in their
article first presenting the AVL trees.

Theorem 2.1.For any balanced EBST, the heightiglog n). The upper bound of the tree
height is approximately.44 log(n + 2) — 0.328

Due to the original setup, this limit is valid for any baladdeBST. The process of main-

taining the tree in balance in order to guarantee this Ityait height isoptimizationof
the structure, and is discussed further in the followindisac

2.5 Standard Rotations

In binary search trees the balance conditions (like the @imed for EBSTs in Defini-
tion 2.6) are reached by simple transformations: singledouble rotations on the index
tree [26, 5]. These rotations aim to lift the largest subtadgt higher, thus reducing the

total height of the tree.

Single right rotation:
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Double left-to-right rotation:

As can be seen in the illustrations [26, 33], all of thesetimts preserve an EBST as
another EBST. Each router still has exactly two childrenthassubtrees remain the same.
The proper rotation is chosen according to the heights afubérees causing the imbalance
(i.e. having a height difference larger than one). The @ates defined below for a node

t with a left child » and right childv, nodes and subtrees named according to the above
figures.

(1) |heigh(u) — heighi(v)| < 1:
Balance condition fulfilled

(2) (heightu) > heightv) 4+ 2) A (height{ A) > height B)):
A single right rotation at

(3) (heightu) > heightv) + 2) A (heigh{ A) < height(w)):
A double left-to-right rotation at

(4) (heightu) < height(u) — 2) A (heigh{A) > heigh{B)):
A single left rotation at

(5) (heightu) < heightv) — 2) A ((height B) < heigh{w)):
A double right-to-left rotation at

It can also be observed from the selection criteria and tmeesponding figures that no
rotation will increase the height of a tree, but a smalleghtis possible. These observation
are recorded as a lemma for further reference:
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Lemma 2.4.Performing any single standard rotation on an EBSWill result in another
EBSTT’. No nodes are added or removed in the rotation proceddte= |7"|. Also
heigh{T") < heigh{T"). Each rotation may reduce the height of the entire tree byast m
one.

Nodes needing rotation is traditionally found by back+fag from an updated node to the
root and rebalancing as necessary (once or more in one omudes). Thus the complexity
for a single update to a balanced tree consists of three ghase

(i) traversing to the target node M(log n) time,
(i) the update operation itself in constant tirfé1), and

(i) back-tracking towards the root i@ (log n) time.

In this thesis these phases in are called respectivebte update andbalancephase. The
straightforward implementation for single-update rebeiag is provided below, with the
parent of the updated leaf given as a parameter. The batantaty stop as soon as one
rotation has been performed or such a node is met whose heaghhot affected by the
update. Until then, the procedure continues towards theabthe tree, whose parent is
null.

procedure balancefiodeposition) {
while (positionis not null ) {
if (notin balance) {
perform the proper rotation
break ;

}

position.setHeight();

if (height of the position did not change) {
break ;

}

position« position.parent;

Besides the back-tracking, generally knowtbagom-up rebalancingalso top-down strate-
gies are used, where the balancing starts from the root, iakanthe balance criteria and
proceeding downwards. Both approaches can creatmngestion problemmeaning that
service requests cannot be met as they arrive, but queumgpded. This tends to happen
particularly at the root, but also elsewhere in the tree.[30]

Using such rotations is by no means the only strategy forieditmg imbalance in search
trees. In past decades when databases and indices wereramdlthe number of users and
frequency of requests were not as high as today, also coemglebnstruction was an appli-
cable solution. Chang and lyengar have compared the peafarenof three algorithms for
reshaping the tree by adjusting the child and parent linkdgs in linear timé&(n) [16].
This would be an option in case if the index is not regularishegped and eventually the
height differences grew so large that the balancing woldd e¢quire near-linear time. It
would be practical if there were sufficiently long pausesha hormal operation of the
database, but little time for reshaping during service.
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Andersson and Lai [4] use a balancing technique relying atigbaeconstruction of the
entire tree as the number of insertions since the lateshstaation equals one half of the
tree size. They amortize the cost of this rebuilding overugpeoming® (n) updates, giving
an amortized cosD(1) per each insertion, proved with a potential function. Methof
partial reconstruction or merging are also used in placetations [26].



Chapter 3

Problematics of Traditional Indexing

This chapter draws together the traditional approach tabdeste indexing presented in the
previous chapter to discuss the inherent performance gmabl The practice of single key
updates and the involved balancing is discussed in Sectihn Bhe problems found are
closely related to the concurrency of an index structuraggpdly explained in Section 3.2.

3.1 Single Updates with Strictly Coupled Balancing

As seen from the previous definitions of the index operatidinsy deal with one key at
a time. For each keyword from a new document to be added inweamtric library, the
tree is traversed from the root to the proper position ledferg the keyword is inserted
or the existing leaf of that keyword appended to point to tbe document as well. This
gives ©(logn) link traverses per key in a balanced EBST, and if the docuroentains
m keywords,©(m logn) link traverses for inserting the entire list of keywords toe
document. Also, as each key is addéxl;n) leaf splits are required to include the new
leaves in the index. The tree is rebalan€®dn) times, once per each inserted keyword.

In a simple application each of these key inserts is assiga®dvn process. In a concurrent
database, as most practical databases nowadays are| peveesses traverse and operate
on an index simultaneously. Moving the nodes around upa@rtiosis and deletions as well
as rebalancing rotations will interfere with making qusrénd updates around the area in
which the modification takes place.

Insert and delete operations add or remove nodes respgctivigich causes the tree to
change shape. After an update the tree is potentially outlainbe. A major question
in database indexing has been when and how to balance theArtaditional choice is

making the rebalancing operations immediately after aertrar delete operation, binding
the update and balance closely together:

17
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procedureinsertEntryflata data,nodetree) {
router position+ insert(data, tree);

if (positionis not null ') {
/I THE POSITION ITSELF IS BY DEFINITION IN BALANCE
balance(position.getParent());

}
}

procedure deleteEntryifit key,nodetree) :boolean{
router position« delete(key, tree);

if (positionis not null ) {
/I THE RETURNED NODE MAY ALREADY BE IMBALANCED
balance(position);

}

return success;

}

This method of operation is callestrict balancing Indexing systems that use strict bal-
ancing are easier to analyze for correctness and compkizétysolutions that do not wrap
the update and consequent balancing together as the amgenitdd by the update is not
subject to further modification. It does however cause moisl for the processes running
simultaneously with it. The practice of dealing with sucloldems is calledconcurrency
control and is explained on a general level in the next section.

3.2 Concurrency Control

For developing a better understanding of the applicati@asof indices, especially with a
large key space, a WWW search engine is a comprehensive &xafige amount of data
available through the World Wide Web is increasing rapidiywell as the number of Web
users. The number of documents to index on e.g. a searchesisgjigantic; On September
15, 2000, the Google search endimeported to have 1060 million web pages indexed,
560 million of them with full-text indexing. Back in 1997 whesearch engine databases
covered about a 100 million documents, another search egtaviste already claimed

to serve approximately 20 million search requests per dag. €stimate for the number of
queries per day the year 2000 is as high as hundreds of nsil]i3].

Due to the dynamic nature of the World Wide Web, new documeatsd to be inserted
constantly while search requests come as a never-ending4&wThe necessary rate for
a search engine to handle queries is from hundreds to thdsisg#rrequests per second.
With indices of this magnitude and such frequency of servzpiests, it is clear that the
highest possible degree of concurrency is not merely ammpliut a strong, unavoidable
demand. The research dealing with such large amounts ofigi&tzown asdata ware-

housing necessary for example in the Human Genome Project and sgeearch besides

http:/ivww.google.com
2http://www.altavista.com
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WWW searching [55].

Normally an index is being used by several independent pease some of themeaders
and somenriters. The reader processes do not make any modifications to the;ititese
are the search requests on a search engine, only readingtdigade. Writers have the
purpose of modifying the index by deleting a single node seiting one.

In a search engine each new web page found need to be insddehéd index, and outdated
links (pointing to nonexistent web pages) need to be deldibd search engine checks the
current state of the web by 'crawling’, i.e. automatic faling of links and recording page
information, which is done as a constant background praoessrving requests. An early
Google prototype used three crawlers each using about 30@:ctions [13].

Discussing database updates, a brief overview into comeayrcontrol and locking in nec-
essary. As the exact implementation and scope of lockingatipas is not a focus area in
this thesis, the discussion will be solely introductory.

A delete operation deals with the linkage and contents ofntiie to be deleted and at
least the parent of the deleted node. To prevent other Besdsom intervening with the
deletions, it mustvrite-lockthe leaf and its parent router under operation. No otherga®c
may then access those nodes. Before write-locking a nodepribcess must make sure
that no other process is currently operating there. A readtfies of its whereabouts with
read-locks which do not prevent other readers from access, but forgersto wait until
they have finished with the node.

Also other types of locks have been presented in the litexatuavoid some of the diffi-

culties of straightforward locking, as deadlocks and stéon, preventing the system from
fair operation. Such are e.g. thaight-writelocks andock-couplingstrategies. Details of

the waiting and lock-handling is not an issue here, but audision on a similar situation is
given by Nurmi and Soisalon-Soininen for another class wakyi search trees [39].

As a delete operation removes a node from the tree, it mustlatk the parent of the
removed leaf, as otherwise another process might followntwe broken child-link from
the parent. And as the index tree is chosen to be an extemealylbéearch tree, the parent
router with one child is invalid and must be merged with itsngearent as in Figure 2.4.
Thus each delete operation must lock the leaf to deleteaitsnp and its grandparent, thus
blocking access to two to five other leaves if the tree waglhitin balance. This is again
a naive implementation, quite easily improved by more sstjifsited locking.

Similarly an insert operation needs to lock the locatior &al its parent, as the location
leaf is about to be replaced by a new router and moved undebnther together with the
leaf to be inserted as shown in Figure 2.3. This blocks adcesse or two other leaves in
case the tree was initially in balance.

When arotation is about to be performed in a certain nodeydbes involved in the rotation
are all subject to change of location. Thus it is not safe thepprocesses to concurrently
operate on those nodes that are being re-linked. In simgieimentations of concurrent
search trees this usually implies that all nodes that antepdsits during the locate phase
need to be locked, as all of them might require rotationsefltalance conditions are bro-
ken [29].

As a consequence, in order to perform a rotation on a nodésthat in balance, the balance
process must wait until the subtree is clear of other writerd take a write-lock on the
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node. As imbalance may occur as high as the root, it may béafde that the entire index
is momentarily out of use due to the rebalance. Thus for epdate operation, not only
the directly updated part is locked, but also larger parthefindex are in danger of being
out of use. The locate phase is the only one not requiringrgck



Chapter 4

Known Improvements

The aim of this chapter is to provide an overview on two curierprovement strategies

of index performance. Section 4.1 covers the genre of rdldedancing, as Section 4.2

introduces the concept of group updates. The discussiondintes the research done on
these areas, the principals employed, and the resultsvachi@he algorithm of Chapter 5

is also outlined as similar approaches are presented.

As the amount of digital data is larger than ever and quickbmning, much of the former
database management has turned into data warehousingttieenassive amount of tuples
and the increased size of a single database entry (comgjdelgy. video streams and other
types of multimedia). Also file management in corporatioas been turning into data
mining with index-based, often distributed, directoriBgaling with such amounts of data
with the traditional means of indexing is unpleasantly fic&fnt, especially in applications
where the users of the database are numerous.

It has become popular to provide customers access to congpadyct databases over the
Internet, which creates a potential user population of @ sever even anticipated during
the early times of computer-operated data managementcomenrerce business it is unac-
ceptable to keep customers waiting for database queries sefved. Earlier this year the
web-storeBoo.comwent bankrupt as their online product catalog was too slovttfe cus-
tomers to browse fluently. It is evident that the methods andtres of database indexing
needs development to avoid the difficulties and computatioamplexity discussed in the
previous chapters.

4.1 Relaxed Balancing

As already pointed out, commonly more than one client isgusin index structure con-

currently. If the service requests (searches and updatesiy an bursts, the danger of
congestion increases and the response time drops belovesiralde level [30]. Thus it

is not feasible that by serving one, the database managédd wisk the service of others.

By performing balance operations it significantly increatiee risk of delay. Normally a

balance operation proceeds from an updated leaf towardsahechecking for the balance
conditions and performing the standard rotations defindibean Section 2.5 as necessary.
The balancing stops after a rotation has been performedabr @unode is found whose
height has not changed due to the update. Ultimately thexbialg will end at the root.

21
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This is a tedious operation as a whole, locking off subtrdenat quite a high level, even
at the root. Performing the balancing procedure after epdate operation as traditional,
the total workload and interference with other processewgito be significant. It would
clearly be proper to put off the balancing until a converiequiet moment [24]. Thus it
was suggested by Guibas and Sedgewick [18] that the reliadpplcase should be separate
from the update. Originally they had worked with a schemeé leeformed both update and
balance modifications on the way down from the root to thetipmsieaf. They however
found that a separatelancercould work locally and take care of the inherent imbalance.

It is essential that the newly inserted data is availabledaders to use as soon as possible
and that deleted data is no longer available in the ihdat the harm done in delaying the
rebalance is usually not significant. Also, if the rebalaiscdone at some suitable point
of time, there is no need to complete the rebalancing at oltamay be worked on once
in a while, progressing slowly towards the optimal tree shaglowing search operations
to interleave. Some sophisticated solutions are also tamditserving updates while the
balancing is waiting on the background. The balancing ofalgerithm in this thesis is
generalizable into such a solution by changing the strechaoiding the nodes awaiting
balancing.

As seen in Section 2.5, each balancing rotation only affecmall number of nodes at a
time. Hence the rebalancing operation is wedlalizedand can easily be performed while
concurrently query processes work in other parts of the tfeélbe balancing process could
stop after one rotation (or some other constant time tas)alow queries to progress to
the previously locked area, it would not need to block anyiporof a tree for a significant

period of time [32]. This would spread the balancing ovedheere evenly in time and on

the tree [24].

4.1.1 Effects of Uncoupling Update and Balance Phases

The evident approach is that the first two phases of an inderatipn, locate and update,
are tightly coupled, but the balance phase will be delayéillthe service requests become
sparser. The reason for binding locate and update phasss\ctogether is to provide the
updated information in the index as quickly as possible diture transactions to use [34].

If it is not likely that the index application will have frea@rte at any point to perform the
balancing, the tree may get so significantly out of balaneg itreffects the performance.
For these cases, some ultimate limit on how much imbalanitdeviolerated needs to be
agreed upon. The magnitude of such a limit is quite contersisive.

To examine the effect of imbalance in an EBST, Figure 4.1istocted from the following
observations: In an optimal tree the height of the root, @efin Definition 2.5 isl +1log, n,
wheren is the number of leaves. In the worst linear case the roothhésg:. Flajolet and
Odlyzko showed in 1980 that the average height of binanstoéell shapes i8,/7r, where

r is the number of internal nodes, i.e. routers [17]. The temuplies as is for random trees
and sufficiently well for a random tree with random insersidar a general discussion [7].

For both a balanced tree and a worst-case tree, the cordespomn between routers and
leaves is simplyr = n — 1 [14] (see e.g. Figure 2.5 for illustration). It can be safely
deduced that = n — 1 by observing any EBST,; there certainly cannot be more reutemn

The minimum requirement is that the leaves that were reqdestbe removed are marked as invalid.
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leaves in a full EBST.

Lemma 4.5.In an EBSTT with n leaves the number of routersris= n — 1 and thus the
total number of nodes i isN =n+r=n+n—1=2n—1.

The the values of Figure 4.1 are calculated with Lemma 4.3tamgreceding height obser-
vations. For the average height\/7(n — 1) |, an integer value is obtained with the floor
function; note that the estimates are unrealistically higttn small values of.. Also the
AVL height defined in Theorem 2.1 ds44 log(n + 2) — 0.328 is drawn, as a perfectly
balanced EBST is quite rare amongst all EBSTs.
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FIGURE 4.1: The tree height for perfectly balanced, AVL, averagel aorst-case linear
trees withn leaves.

As the imbalance caused by an update operation is locattiafenegatively only the search
time of the leaf just inserted, the performance is unhugvetere in the tree. What comes
to deletions, the tree depth elsewhere in the tree is uneldargyen though no longer nec-
essarily optimal. The access time of those leaves that euaplace due to the deletion
improved, as they rose closer to the root. Thus, as the awdreight grows moderately
in comparison to the worst case, and as all shapes are ag tikkdkomes for a random
sequence of insert operations with reasonable accuraeyethporary imbalance will not
cause significant damage in access efficiency. Also, thetygase trees are very rare, even
in comparison to the likelihood of a perfectly balanced {&4].

Larsen [31] argues that any relaxed balancing will be belafiltie to the locality of the
operations, almost always taking place near the leaf-landithe fact that not very many
operations are needed. This in addition with evidence othaoming the access times of
unmodified nodes (although delaying their optimizatioe)axed balance certainly seems
worthwhile to implement for any index.

4.1.2 Trees with Relaxed Balance

This practice of uncoupling the balancing from the updateoimmonly known aselaxed
balancing Kessels [24] uses the naroa-the-fly optimizatioras in on-the-fly garbage col-
lection, which is also done when the time seems ’right’ asckdpaund process. The basic
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idea of relaxed balancing is to speed up the processing aestg risking the logarithmic
access time of the structure [30].

Research on the performance effects of relaxed balanciaghéen conducted by many
during the past few decadésThe initial discussion concentrated on a class of balanced
binary trees calleded-black treeshy Guibas and Sedgewick in [18]. Further work was
done by Tarjan [51] in developing bottom-up methods withl) structural changes per
update, as the original propositions requireog n) such modifications.

Next, the focus was relaxing AVL trees and binary searctstiegeneral. This was specu-
lated already by Kessels [24] during the early eighties arelexed version was developed
a few years later by Nurmi, Soisalon-Soininen and Wood [4®le development was later
taken further by the same authors [41], augmented with d&on on concurrency control.

Their initial solution of [40] was criticized for restriefity and difficulty of proof by Larsen [29]
and Boyar [12], who suggested improvements on it. Larsehg28wed that update opera-
tions of a tree requir® (log V) rebalancing operations per update, no matter how they are
interleaved. HeréV must naturally be the maximum number of nodes in the treanduhie
runtime of the operation sequence. Nurmi, Soisalon-Semand Wood [40] also extended
B-trees introduced by Bayer and McCreight [9] for relaxethbaing. That solution was
modified again by Larsen [31] in order to decrease complexity

Kessels [24] was the first to use tag values stored in the nimdesntain information on
whether the node is subject to imbalance and should be erdnduaring the rebalancing
process. Soisalon-Soininen and Widmayer [47] defined ttaggeasheight valuesthere-
fore definingheight-valuedbinary search trees. They showed that for a height-valies tr
of sizen with balance conflictsQ(n logn) balancing steps (simple calculations®f1)
time or the standard rotations presented in Section 2.5¢sub eliminate all imbalance.

Larsen [30] has shown it to be possible to perform relaxedrwahg with the standard

rotations with constant amortized complexity by using veiggs instead of height values
in the nodes. He has also shown that for B-trees, assumiegbging at least twice the

degree, amortized constant rebalancing can also be defid¢dlh the same research he
proved that the amount of rebalancing necessary in a reBstegk decreases exponentially
when progressing towards the root.

Another view in balancing binary trees was taken by Andersstaal. [3], where a class
of SBB-trees is defined through B-trees with maintenance operationsdbasesplitting,
joining, and single rotations were defined. They showed #essary restructuring to be
constant even in the worst case.

A relaxed version of red-black trees knowndamsomatic treesvas defined by Nurmi and
Soisalon-Soininen [38, 39] as a relaxed extension to thatepaperations requirin@(1)
rotations defined by Tarjan [51]. The balancing of a chromate is based on locating
red-black violations as in the original trees, but is notgled with the update and hence
has a looser definition for acceptable tree states. The tdss lsalance conditions are
generally calledveakconditions. Thus the information on which nodes to balasdeft
by the update operation into the tree, as in Kessels’ bineaych trees. The benefit of such
a marking procedure is the possibility of running the rebeilag as a shadow process on

2For a regularly updated list of researchers, see a web sitgaied by Kim S. Larsen at the University of
Southern Denmark &tttp://www.imada.sdu.di¢slarsen/RelBal
3The SBB-trees in fact define the exact the same class of tiaesBBSTs.
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the background as garbage collection without needing totsypmize any other data but the
index tree.

The approach selected in this thesis follows the outlingvdray Pollari-Malmi, Soisalon-
Soininen and Yl6nen [44]: the nodes that are candidatesalanbing rotations are recorded
into a control structure during the locate phase of an updete selection of these candi-
dates is discussed in detail in Chapter 5. The shadow precksma given for the rebalanc-
ing by Nurmi and Soisalon-Soininen [38] should be geneahliz to the trees of this thesis,
given that the locking procedures were defined. This howseeild require more attention
than is reasonable to include in a single thesis.

One important question is of course, how to allow relaxediteihg and still maintain
control over the tree size [29]. No definite answer is givethia algorithm; the balancer
may be triggered at an instance found proper for the apfitatsing the index. The trigger
for the balance process may be some of the following scenario

e The database is not serving any clients, which frees theitrde to the rebalancer.
The rebalancer may stop as soon as a client needs to accésddakgeand continue
later according to the control structure.

e The database manager keeps track of the largest imbaladceiggers the rebal-
ancer 'manually’ as a predefined limit is exceeded, thusgpvésy a near-logarithmic
locate-complexity at all times.

o A predefined number of update operations has been performibeé ime since the
last rebalancing exceeds a given bound.

Also many other balancing criteria are possible. For thdyéinal discussion of an algo-
rithm, no specific criterion needs to be chosen.

4.2 Group Update

In addition to relaxed balancing, also another approactbbasa taken to improve the per-
formance of index trees. Upon insertion of a new article orublipation database with
n being some millions, one generally must insert multiplevkesds for the new article.
Instead of inserting these some thousandsf keys one by one, using(m logn) time,

a batchor groupis created from these keys and sorteddifrm logm) time. The result-
ing group is inserted as an entity. As the keys are sortedjcdigs may also be merged
together to save time.

Database operations tend to commute on many applicati@s.afehis means that several
requests handle the same keys, thus allowing to fetch tresednly once. This behavior

has also been taken advantage of in distributed indexinjy [#% same idea is behind the
design of level-linked tree structures and finger systemgrlg consequent leaves to each
other, trying to benefit from correlation between tree asessin addition to often easing

the locking of the tree [15, 21].

There is not reason for a group of keys to consist of only keysdert; also keys that need
to be deleted or simply searched for may form a batch togethbrthe keys to insert [34].
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This way we only need to traverse the tree once per the emwtiref ®perations. This form
of operation is commonly known agoup update even though also group searches are
normally included in the method.

The methods ofiroup updateare various. An approach chosen by Malmi [33] was to locate
the position for the first key in the sorted sequence, anéausof continuing from the root
for the next key, he continued from the current locationsthinding the cost of the locate
step to the separation distances of the position leaveshgfrsups. One of the earliest
discussions of this approach was provided by Tsakalidi9Bb152]. This principle has
also been used in B-trees [49].

In this thesis | have selecteddavide and conquerapproach, where the entire listofkeys
is initially taken to the root and forwarded recursively aating to the minimum value in
the key list and the routing value of the root. The proceduitebe described in detail in
Chapter 5. A similar procedure with B-trees is used by PielN&lmi, Soisalon-Soininen,
and Ylonen [44]. They have chosen to collect the batch of tgsdato a differential, main-
memory index which will at a proper point of time be mergedwite main index residing
on disk, to create large enough batches. Allowing accedsetdifferential index alongside
the main index brings the updates into use as quickly aslgessi

This is of particular interest upon index reconstructiancése of a serious database failure
the entire index must be rebuilt from the original data, &gt documents. In systems that
use a main-memory index that is only occasionally storedisktiese reconstructions are
not conveniently rare. The reconstruction procedure afijureduces into a long series
of insert operations, during which it is desirable to allogasch operations to carry on
simultaneously, using as big of a portion of the index asiptiss

As my goal is not to provide a ready-to-use industrial stteimgplementation for a database
index, | use a more simplified model here as well: the batclegs$ kvaiting to be inserted as
a group is not accessible until merged with the main indekih®iinsertion is to be done as
soon as a batch arrives. One possible batch in documentimpeould be the key words
of one document. This practice with B-trees is availablet®i |

The practice of group operations has been found useful alside indexing, in search-
ing sequential and tree-structured files, researched &mple by Shneiderman and Good-
man [46], and importantly Lang, Driscoll and Lou [28]. Th&da have shown that using a
batch search, significant savings in the number of disk aesesan be achieved, and they
strongly recommend the method to be employed wheneveripessi

4.2.1 Required Modifications on an Update

As the keys of an index tree are located at existing leaves)eéves in which a locate
procedure ends at are subject to modification.

Evidently the locate phase causes no structural changdsednee. Figure 4.2 shows the
path traversed for keys that have the same positiondleaNormally, there are more than
one position leaf, which will be visited in from left to righly the recursive procedure.

In deletion all the keys that located in a leaf with the samevaue as theirs, need to be
removed. This may result in the removal of entire subtrees.
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FIGURE 4.3: The tree of Figure 4.2 after deleting the group of kg 94}.

Only one if any of the located keys will be a match to the keyestdn the position leaf.
The subtree to remove can be limited by locating the lowesinaon ancestors of the leaves
to remove. A usable strategy is also not to remove the ledudsnerely to mark them as
invalid. Most information systems that require an indexehaignificantly more insertions
than deletions, and these invalid leaves would be sooneater teplaced by new, valid
leaves. Either way, performing a group deletion on an EBSthadree in Figures 4.2
and 4.3 will result in another EBST, with every router havigctly two children. In
the marking scenario some of the leaves would simple beithvaplaced upon insertion,
failing all searches and deletions positioning there.

In an insert operation more than one key may require inseititb the same position. If

there is only one new key, the same kind of a split operatian tised earlier in single insert
is valid. If there are more new keys, the common approachnseige the key list with the

position leaf, generate a balanced tree from these keysptate the position leaf with the
root of the newly constructed subtree.

Tree generation from a sorted list is possible in linear firaed the insertion of the position
leaf key into the key list can be done in logarithmic time.

Again, the group insert evidently preserves an EBST as a EBi®perly replacing a leaf
with a valid, newly generated subtree. The resulting tremfthe insertions or deletions is
not necessarily in balance and thus needs either striclaretiag directly after the update
or relaxed balancing at a later point of time.

4A discussion on linear-time tree generation is given by AtlgrRémy and Schott [2], but turningaaitem
sorted list into an EBST of sizen in O(n) time is quite simple e.g. by choosing the median as the seibbie
when the list length is known.
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FIGURE 4.4: The subtree rooted at 58 from the tree in Figure 4.3 afterting the group
of keys{46, 52,52} at position leaf 47.

In order to balance a group updates tree with the standaatioes, it must be noted that
unlike in the single strict balancing, one rotation may reshove all imbalance, but more
may be needed at one single location. Thus it is necessagldade in each router until it
is known to be in balance, instead of rotating only once.

4.2.2 Concurrency and Group Updates

Although the details concurrency control are outside tlopsmf this thesis, a few words
on the concurrency of group update algorithms are nevedhateeded. Basically, as the
explanation of the previous section showed, a group inses chot need any more locks
on a tree than a single insert in the same position leaf. ddsbé the split, the position leaf
is directly replaced by a new subtree. When considering ieuait of locking per key, a
series ofm single inserts in one position leaf will lock its parent ut: times. The group
insert of m keys in one node will only lock the parent once, avoiding gigant overhead
in locking.

For the deletion, instead of locking the modified router (ghandparent of the position
node)m times as in single deletions, the group update algorithny aekds to lock the
deleted branch once, locking off a larger portion of the,tbes for a shorter period of time,
reducing computational overhead even though enlargingltteked area momentarily.

By using an AVL-tree variant, Soisalon-Soininen and Wideral8] have constructed an
algorithm for group updates that entirely eliminates thebfgmatics of concurrency con-
trol, as their solution requires no locking whatsoever. iTbefinition also guarantees the
recoverability of the updates, meaning that upon an unéggeoterruption in the database
system, the entire group update can be aborted as a wholee bestecting the database
from ill-defined states. Their solution uses an index stamedain memory and the creation
of partial trees. For B-trees, a detailed discussion on trewrency control involving
group updates is given by Pollari-Malmi, Soisalon-Soiniaed Yldnen [44].



Chapter 5

The Algorithm

This chapter describes the contribution of this thesis lgordhm combining group update
and relaxed balancing for EBSTs. At first in Section 5.1, tleess of trees used in the
algorithm are briefly summarized. Then each phase of theitdigo is presented in its
own section both verbally and as pseudo-code. Preliminaajyais on the computational
complexity is also given, but the exact analysis is not mtesiuntil Chapter 6.

Combinations of the two presented approaches, group updateelaxed balancing, have
been successfully developed during the past few years. damit Soisalon-Soininen have
designed a group update algorithm for red-black trees [2@pmbining the batch approach
and the relaxed-balance the chromatic trees. Red-blaek were a justified selection, as
they generally require less rebalancing work than AVL trees

In their version, instead of the colors red and black, nodeg&en weights and each path
connecting a leaf to the root is required to have the samehwaigorder for the tree to be
in balance. The group insertions notify of the modificatibayt make in the form of such
weight values in the inserted nodes that break the balanuditmm. Also here the burden
of storing and calculating weights complicates implemgémtaand analysis.

A more general overview on combining the two approaches/esgby Malmiet al. in [35].
They define a group insertion for any external search treghinh small balanced subtrees
are generated from sorted key sequences and inserted a&r progition nodes. After the
attachment of such a subtree into the index tree, they usgtdhdard rotations for relaxed
rebalancing. This approach has been adopted also to thétlatlg@f this thesis. The locate
phase resembles highly of that used by Malmi [33].

The algorithm presented here also combines these appso&mhexternal binary search
trees (EBST). As the others, it is also divided in tree steps:

Locate : Locating the appropriate position nodes for a given setgfrkaterial and record-
ing the nodes subject to imbalance.

Update : Performing the requested operation at each of the podiiaves that were as-
signed key material in step one.

Balance : Balancing the tree according to the imbalance recordstemied in step one.
The record structure is followed in predefined, orderly nerto maintain its validity.

29
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Steps one and two are always processed as a couple, whezghsdrstep may take place
at a later point of time. In further discussion the couplehef first two steps will be called
index operatioror operation for short. The balancing process will be cattedrebalancer
as Guibas and Sedgewick originally named it [18].

As mentioned earlier, details of concurrency control areimcduded in the following dis-
cussion. Should two processes (either normal index opeatir rebalancers) operate on
the index structure simultaneously, they must involve pitisset of nodes. This is analyt-
ically equivalent to accessing the index sequentially,clvhgliminates the need to address
concurrency issues without the loss of generality [29].

5.1 Summary of the EBST

| will review the properties of EBST briefly to ease followin§the forth-coming analysis.
The index tree used with the algorithm defined in this chaisterfull binary search tree,
each internal node having exactly two children. In an exktree i.e.leaf-oriented tree
the data is stored only in the leaves and the inner nodes astitess to this data.

The router values are either current or former leaf key v&alUkhe tree order is such that
the keys in the left subtree of a router all have smaller \sathan the router value, and the
keys in the right subtree are greater than or equal to theraatiue. The keys used are
simplified to integer values, but any other key type proataseonstant time would make
a valid substitute. The supported operationssaarch insert anddelete

No other information but the parent and child links, the atteight and the key value
(routing value for inner nodes) is stored in the tree. Addiél balancing information is
recorded on a separate structure to keep the tree simpleres @aturally do not contain
child links.

5.2 Locate Phase

The key material of the group update is either stored in sedootder or sorted before
beginning the locate procedutdn the model implementation, an array-like list is used for
simplicity, but any other structure sortable and divisibiea specified value could be used.
To simplify the discussion, the group of key material is redd to as a list.

The list is divided into subgroups located each in their owsifion leaf by traversing the
tree recursively. The traversing begins at the root, clmeclihether the first key in the list
is smaller than the root’s router value. If so, the left sebtneeds to be traversed. The
router value of the root is sent to the left subtree togethtr the list, in order for the locate
process to know what is the upper limit for values locatedaeh&Vhen the locate process
arrives at a leaf, it removes all those keys from the begnoirthe list that are smaller than
the upper limit. These removed keys all share the same @odéaf and are consequently
processed together.

During the traversinggranching nodesire marked and stored together with position leaves

LAn interesting strategy could be using the root value of tee s the pivot element for quicksort, and
storing the data while recursively traversing the tree.
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to be used later for rebalancing purposes. Of course, th@dang can be skipped if it is
known whether an update or simply a search is being perfariiee procedure for a router
can be written as follows, treating the key list as a queue dueue uses geek method
to retrieve the top value without removing it.

procedure locateiodecurrentlist keys,int limit) : boolean{
booleanwentLeft, wentRight— false;
nodetemp;
nodestore;
branch« false;

if (keysis not empty andkey.peek() < current.key) {
wentLeft« locate(current.left, keys, current.key);

}
if (keysis not empty andkey.peek() < limit) {
wentRight— locate(current.right, keys, limit);

}
if (wentLeftand wentRight) {

/I MARK THIS ROUTER AS A BRANCHING NODE
current.branck- true ;

// STORE IT INTO THE BALANCING QUEUE
gueue(current);

}

return (wentLeftor wentRight);

}

On the leaf level the key list changes, so the first key is noesgarily the same when
entering the right subtree than it was upon entering thesldftree. To understand how this
happens, | also add the pseudo-code for the locate procedute leaf level; now again
the list is a queue, with pop-operation for removing the first item (and returning it)dan
an append-operation for adding to the end of the list. An illustratinprovided as an
example later with the discussion on balancing.

procedure locatefiodecurrentlist keys,int limit) {
list subgroup;

while (keysis not empty andkeys.peek() < limit) {
/| STORE THE SUBGROUP WITH THE POSITION LEAF
subgroup.append(keys.pop());

}
if (subgroups not empty) {
return process(current, subgroup);

}
}

The processing takes place in the update phase; simple etatval for searches, more
complicated manipulation for insertions and deletionse fhocess method also includes
the queuing of position leaves. If the entire operation atgbsition leaf fails, the method
returnsf al se, and if it succeeds for any of the keys in the subgroup, itrrstur ue.
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5.3 Update Phase

The update phase performs one of the basic index operafibesfirst, the update phase of
a search operation, is trivial. It is not an actual updaté abmere retrieval of the contents
of the position leaf. The experimental implemented modstdbed in detail in Section 7.3
only announces which of the requested keys were found ahttexi

The actual update operations, insert and delete, modifynithex tree. The insert opera-
tion discussed here excludes those keys that are alreadhe itvete, but the modification

to the second real-life scenario — combination of the dateedtwith the same key into

an entity — is easily adapted from the presented insertionguure. Delete ignores any
keys not found in the index tree (i.e. the deletion of thosesKails) and removes the rest.
Due to their different nature, insertion and deletion ardrasised separately. Insertion is
discussed in detail and presented in pseudo-code, as it $tegightforward group update

implementation, but the more controversial deletion isdteghon a more general level.

5.3.1 Insertion

The principles of the group insert are the same as generedlgritbed in Section 4.2.1. The
keys that are positioned on the same leaf are initially seddist. If the key of the position
leaf is included, itis replaced by the existing leaf key.Ha model implementation, the keys
are simply integer values, but in real-life application&eg to insert would also contain or
refer to the updated data, which would be replaced here dslfble leaf key is not in the
key list, it is added to the proper position. As mentionedi@aradding an element on its
place on a sorted list can be don&log m) time, wherem is the size of the list.

The contents of the key list are then used to construct a badaEBST in linear time
O(m + 1) = O(m). In the model implementation this is achieved by taking thexlian
value of the list as the root and constructing the left sebtezursively from the beginning
of the list and the right subtree from the rest of the listjuding the median.

The last step is to replace the position leaf by the root ofriéa@ly constructed subtree,
which can be done i®(1) time. In the model implementation the only operations ndede
are the setting of the parent router link and the correspandhild link. After this, the
updated position leaf is queued for rebalancing.

=)
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FIGURE 5.1: Group insertion by attaching a subtree.

Thus the update phase of a group insertion consists of thewiag three parts with total
complexity ofO(log m)+O(m)+ O(1) = O(m), wherem is the size of the group. This is
the best possible upper bound, as each key needs to be aksailgad, which will inevitably
requireO(m) time form leaves.
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To summarize group insert algorithm, a list of the necesspeyations is provided with the
corresponding pseudo-code:

() Insert the key of the position leaf into the key list.
(i) Construct a balanced EBST from the key list.
(iii) Replace the position leaf by the root of the subtree.

(iv) Add the parent to the balancing queue.

procedure insert{eaf position,list keys) {
nodesubtree;

if (keyscontainsposition.key) {
/I ONE OF THE INSERTIONS FAIL
if (keys.sizas 1) {
/I THERE ARE NO OTHER KEYS TO INSERT
return false ;
} else{
replace the occurrence in the list

}

/I BUILD A TREE FROM THE INSERTED SUBGROUP

subtree = construct(position, keys);

/I PLACE IT WHERE THE POSITION LEAF WAS
position.getParent().replaceChild(position, subtree)

/I APPEND THE MODIFIED NODE INTO THE BALANCE QUEUE
gueue(position);

5.3.2 Deletion

For the deletion, the first step is to see whether the key mhtdra position leaf contains
the key of the position leaf. If it does not, then the deletion all the keys in the key list
have failed. Ifitis, the position leaf is removed. (If thevere more than one key positioned
there, the other deletions failed.)

The removal of the leaf leads into the replacement of itsrgaees in an EBST each router
is required to have exactly two children. The parent rog¢his replaced by the sibling of
the removed leaf, as earlier shown in Figure 2.4. This is@tledin constant timé(1).

To provide a more efficient group deletion, it must be exahiwbether the sibling nodes
of the node to remove are also being deleted. If so, it may kssiple to delete an entire
subtree starting from a specified router. Hence insteadretitly beginning to replace the
parent, the usual group deletion algorithms look for thedsixcommon ancestors of the
keys to delete. After all the keys on the deletion list haverbkeandled, the replacements
are processed from the ancestor list, with the possibifisignificant savings.

However, in most uses of indices, especially in connectidh databases, deletes are quite
rare, and it is hardly necessary to go through such troulbh®ving those leaves. It is often
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FIGURE 5.2: Group deletion by removing a subtree.

sufficient simply to mark those leaves as invalid; this odéesionly one bit per key, and it

is quite likely that an insert in the same position will eugaity replace the redundant node.
Thus it is not necessarily useful to construct a specificralym for deletions. One could

be added to this algorithm later, but simply adding the ivalark bit to the leaves (where
the routers have the branch-bit) and marking that aftettilogdahe nodes is sufficient. The
leaves marked as invalid could be later replaced by ingextaw removed later as a larger
batch by the means of finding the lowest common ancestogd.an actual group deletion.

5.4 Balance Phase

The balancing is performed entirely with the standard rotatdefined in Section 2.5. Itis

organized bottom-up, gradually proceeding towards thg mssibly pausing at times and
allowing search operations. After certain double rotatjahe algorithm needs to proceed
downwards until balance is ensured, after which the upwirtbds resumed.

The current control structure being a list (as the key listhia earlier two phases, with
operationpeek, pop, andappend), itis not trivially updated with interleaving insertions
but a similar tree structure would provide for that functitity as well. For analytical and
experimental reasons, this algorithm restricts the iaéetihg to searching.

When the balancing finally begins, it will traverse the cohstructure in an orderly fashion,
removing the imbalance from one subtree at a time. There @bjextion to running more
than one operations and balance processes simultaneasslgng as proper locking is
implemented on the index tree and the control structure.oftler is straightforward in the
array; always popping the topmost node and balancing framettntil a branching node is
met, balance achieved, or the root comes along. The reas@tdessing the list in order
is the visiting order of the nodes in the locate phase; tharsang is done in post-order,
preserving the preconditions for balancing branching tsoin

Figure 5.3 illustrates an example scenario for generatiagpalance queue. The dotted line
and the arrows indicate the path followed by the locate mhoe with keys belonging to
the position leaves\, B, D, F', G and H. As the locate has to visit both subtrees of the
router C', it becomes a branching point after the visit to the rightcchSimilarly F, I, J
and finally K are marked as branching points. Each position leaf is ado#tetend of the
gueue while the inserted subtree is created, and each limgnahint as it is marked. The
contents of the queue after the update phasé aré3,C, D, E, F,G,H,I,J, K}.

By processing the queued items in this exact order, the tikéevbalanced in the proper
manner, balancing both subtrees before attempting to t&ltre parent node. In each
router, as many rotations are performed as necessary hdifolEng upwards. As at times
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FIGURE 5.3: Recording the balancing information during locatavérse order according
to the arrows, storage in left-to-right order.

more than one rotation is needed, the balancing continwes fne new position of the
original point of rotation. In order to avoid climbing back to the position where the point
if rotation originally was, the algorithm stores the pareetore rotations and returns that as
the next node to balance. This avoidance is however notlgessiter double rotations, as
explained later.

If the upward climb of the balancing process meets a bragamire, it stops and continues
according to the queue. The main procedure pops nodes fandiayy from the control
structure and forwards them to the procedure that proceetiseitree as high as possi-
ble without interfering with other groups. If the subtreerently being balanced regains
balance before reaching the root or a branching point, theggiure returns and the next
gueued node is processed. The balancing is finished whemu¢he dgs empty.

procedure balanceRelaxeti§t queue) {
while (not waiters.empty()) {
balanceFromQueue(queue.pop());

}
}

The following pseudo-code provides for the tree traverskesémpping conditions; the actual
rotations are performed in the router according to the lo&lamiteria. That procedure is
provided shortly after this one. The stopping conditioniispe: at a certain node, if no
rotation is necessary to balance it and the height of the dode not change, the subtree is
balanced and does not need further work. Note that the heigkitchange even without a
rotation, if the subtrees have grown in height but are of erdyeights with respect to each
other.
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procedure balanceFromQueue(uter current) {
router previous;
int oldHeight;

/I |F THE QUEUED ROUTER IS NOT A BRANCHING POIN]T
/I BUT A SUBGROUP ATTACHMENT POSITION IT IS ALREADY
/I IN BALANCE AND MAY BE SKIPPED.
if (current.branch) {

current.branch- false; // MARK NO LONGER NEEDED
} else {// JuMP TO PARENT NODE

current— current.parent;
} while (currentis not null ) {

oldHeight«— current.height;

/I CEASE BALANCING AT A BRANCHING POINT

if (current.branch) {

return ;
}

previous— current;
current— current.balance();
if (balancer.rotatioand currentis null ) {
/I NECESSARY AFTER A DOUBLE ROTATION
previous.balance();
return ;
} else if(not balancer.rotatioand oldHeightis previous.height) {
return ;

}
}

Thus the procedure begins at a recorded node and proceddsahin a branching points
or the root, as necessary in the example of Figure 5.3. Aftestibtree becomes balanced,
the balancing stops there and continues to the next queuksd il@ny. The branching mark
needs to be removed from queued nodes before entering thénawder to pass the stop-
ping condition preventing interference of subtrees unkdeisame branching node. Branch-
ing nodes are not balanced until both of their subtrees alalance (ensured by queue
order) and only the subtree balancing needs to know whethaneestor was a branching
node or not, so as a branching node is popped from the queumatk is unnecessary.

Should both of the subtrees that caused a node to become chimgmode reach balance
before the branching node, there will be nothing left to bed¢athere. A condition for this
may be added to the pseudo-code, checking with a booleaabl@rivhether all previous
balancing procedures have ended before a branching polny adding the information
to the branching node itself as an “unfinished” bit. If so, thext upcoming branching
point is also in balance and may be skipped. However, as ramtial is required there,
the overhead caused by checking it in the balancing proeeidua small constant. The
whi chChi | d procedure returns an integer value determining whethendke is the left
or right child of its parent, and similarlget Chi | d procedure return the requested child
based on its parameter.
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procedure balanceRouter¢uter current) :router {
router next<— current.parent;
int direction« current.whichChild();
booleandouble— false;
int h; < current.left.height;
int h, < current.right.height;
int hy, he;
balancer.rotation- false;

while (Jh; — h,.| > 1) {
if (h; > h,) {// L EFT SUBTREE IS HIGHER

h, < current.left.left.height;

hy < current.left.right.height;

if (ha > he){
singleRotateRight(current);

} elsef
doubleRotateLeftRight(current);
double«— true ;

}

} else{// RIGHT SUBTREE IS HIGHER
hq < current.right.left.height;

hy < current.right.right.height;

if (ha < hp) {
singleRotatelL eft(current);

} elsef
doubleRotateRightLeft(current);
double«— true ;

}

}

balancer.rotatior- true;
h; < current.left.height;
h; < current.right.height;

}

current.setHeight(); // ESURING CORRECT HEIGHT

if (double) {
router position« current.parent;
while (positionis not null and positionis not next) {
position«— balance(position);

}

rotation« true ; // MIGHT BE OUT OF DATE

}

return next;

}

Note the special treatment of double rotations; under icectanditions, one rotation is not
necessary to take care of the imbalance, but proceedingwdasgs in the sibling branch
may understandably be necessary, as the highest subtregeshits sibling. After the down-
ward trend ends, it is generally safe to move on to the origiaeent. However there may
be still imbalance above after a double rotation, which saede fixed before continuing
to the parent node of the starting position. This situat®partrayed in Figure 5.4: if the
subtree being paired with the smallest subtree was one igjes than its original sibling,

the right subtree of the root may become two steps lower theuteft, requiring a rotation

at the root. Normally the subtree root is not the root and thiealance is taken care of
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by thebal anceRout er routine above, but if it actually is the root, the outer prhoe
bal anceFr omQueue needs to check for the imbalance.

=

FIGURE 5.4: A double rotation requiring an additional balance &hacthe root after bal-
ancing the right subtree.

As an example of a standard rotation, the single left rataisgprovided below. The other
three are very similarly implemeted as by Knuth [26]: thrie& Lpdates for a single rota-
tion four for a double. See the illustrations presentediayairh Section 2.5 for a concrete
representation on which node is which. The naming convertiere follows that of the
illustrations.

procedure singleRotateLeftputer current) {
router u < current.right;
router parent— current.parent;
nodea « u.left;

/I SETTING THE NODES IN CORRECT NEW POSITIONS
if (parentis not null ) {
parent.replaceChild(current, u);
} else{// NEw ROOT
u.parent— null;
}
u.replaceChild(b, current);
current.replaceChild(u, a);
/I SETTING THE CORRECT HEIGHTS
current.setHeight();
u.setHeight();

}

The set Hei ght method simply compares the heights of the subtrees andhsetadx-
imum plus one as the current height. This is a valid measwréheasubtrees are already
previously balanced.



Chapter 6

Algorithm Analysis

This chapter analyzes the algorithm of the previous chagBection 6.1 verifies that the

algorithm does maintain the structure as a relaxed EBST #treds, the index operations

attain their purpose, and that the balancing results in @nsed EBST. In Section 6.2 the
computational complexity and other performance relatedds are analyzed for each of the
three phases of the algorithm.

Formally analyzing an algorithm is an efficient method foingay general understanding
of the performance and correctness of an algorithm not sadgs even implemented; a
verbal representation is often sufficient, even thoughingrithe procedures as pseudo-code
clarifies the situation. The purpose is to identify the a@fex different steps of the algorithm
and verify how many times each of them need to be taken and wits conditions. The
presentation is ordinarily quite mathematical.

For the problem at hand, database indexing, the approacélliswited. The tree structure
is formally defined and the operations adequately stradgivdrd. A common metric for
evaluating search mechanisms as indices is the numberwd gamparison needed to pro-
vide the result (for a search operation true or false) [5]. tFees this maps to the number
of links traversed in order to determine the outcome. Thiather criteria of algorithmic
efficiency are formally treated in the following discussion

6.1 Proof of Correctness

The goal in analyzing the correctness of a algorithm is toréme whether all the operations
preserve the structure in question as a valid member of dsscland whether they have
the intended outcome and no unnecessary or harmful sidetsffé will begin with the

maintenance of a tree as an EBST with relaxed balance. fhistlass needs to be defined.

Definition 6.10. A relaxed EBST is an EBST that does not necessarily meet tlamdm=
condition for EBSTs, but meets all other requirements: dataaves, each router having
two children, and the order of the key values is as defined finilien 2.1.

It needs first to be shown that this class of trees is closedrundertion, meaning that an

insertion performed on any relaxed EBST will produce a vadithxed EBST. A subcase
is that for any balanced EBST, the resulting tree will be axetl EBST, as the balanced

39
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trees are also included in the set of trees. If the updateatipes are not interleaved with
balancing, the latter case is sufficient.

Theorem 6.2.All of the index operations preserve a relaxed EBSas a relaxed EBST.

Proof of Theorem 6.2.For search operations this is trivial, as in single operatistated in
Lemma 2.1, as no modifications are made to the structure. Bdted deletes no changes
occur either. Also for removal deletions and insertionsightforward reasoning will yield
the theorem.

Both of them were noted to preserve an EBST for single omsrsitin Lemma 2.2 and

Lemma 2.3 by simple observations: each single insert caaisgdit of one leaf into a

balanced subtree of one router and two leaves. As this lEgasubtree is a valid EBST
and attached properly into an otherwise valid EBST, theltiaguree will also be an EBST,

possibly out of balance, making it a relaxed EBST unless arlgatg operation is strictly

coupled to follow. If the two operations of update and balag@re considered an atomic
couple, the relaxed stage will not be observed by any othergss.

For a group insertion the position leaf is also replaced wiubtree of at least the same
size than resulted in the split. That subtree is construgyedefinition to be an EBST. The
attachment point of this subtree will remain valid, as it hadhave two children to begin
with. Therefore the new subtree necessarily has a proplmgittode. Should this subtree
replacement occur in more than one position, each of therratgty maintains the tree as
a relaxed EBST, and as all of the insertions of the same podiéaf are grouped together
in the locate phase, the subtrees are mutually exclusivie.riBtturally concludes in the tree
remaining as a valid relaxed EBST.

The order of the keys is preserved by properly constructiegstibtree, as all of its values,
including the key previously stored in the replaced positigaf, belong in the tree order
defined in Definition 2.1 to that specific location in the tree are mutually ordered by the
constructing process. Thus no key is in danger of being misol, and the parent router to
which the subtree is attached needs no updating for itsmputlue.

For deletions the procedure is alike. From single operatiitttan be seen that by removing
one leaf and replacing its parent with the position leavbkngj preserves both the order
and the rule of two children. The deletion of a subtree canib&ad as a series of separate
deletions each performed as a single deletion, but groupgethter as an atomic group
operation. Each of the consequtive deletions will leavettbe in proper order, and the
same effect cam be obtained than with the subtree deletieentially the sibling subtree
of the removed subtree will replace of the common parentrout

FIGURE 6.1: Deleting more than one key from an EBST.

This can be seen in the illustration of group deletion in Fegé.1. First deleting key 79
from the right side tred” in Figure 6.1 will cause the router 82 to be replaced with &aé |
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with key 94. Further deleting this leaf will cause its paremiter 63 to be replaced with
its other subtree, routed at 58. This will result in tfeon the left, also obtained by direct
deletion of the entire subtree routed at 82.

What comes to the validity of the outcome of these operatiafisr the attachment of the
subtree into the position node in an insertion, the keys eypauly accessible through the
attachment point and orderly. After a deletion, dependiogfthe implementation strategy,
the leaves are either no longer present and thus correettgéssible, or clearly marked as
invalid. With the implementation using validity bits, it @@s to be noted that the index
operations must include a check of this attribufe.

As the index operations have been shown valid, also the Giagmust be proven cor-
rect. | will begin with stating that the standard rotationdl tve able to balance a relaxed
EBST without ever increasing the height of the tree or perfog an improper or unhelp-
ful rotation when the following balancing criteria, thoghly explained and illustrated in
Section 2.5 is used:

Definition 6.11. For a nodet with left(t) = w andright(t) = v, the following criteria
is used to select the appropriate balancing rotation. Ttation is continued at the same
router until balance is achieved.

lheigh{w) — heigh{v)| < 1:
Balance condition fulfilled; no rotation necessary at

(heightu) > heightv) + 2) A heighfleft(u)) > heigh{right(u)):
A single right rotation at

(heigh{u) > heighfv) + 2) A (heigh{left(u)) < (heigh{right(u)):
A double left-to-right rotation at

(heightu) < heightv) — 2) A (heigh{left(v)) > heigh{right(v))):
A single left rotation at

(heightu) < heighfv) — 2) A ((heightleft(v)) > heightright(v))):
A double right-to-left rotation at

From Lemma 2.4 it can be obtained that the class of relaxedlBBSclosed for any single
standard rotation. Basic abstract algebra states thatdifp operationf(x) wherex € S,
f(z) € S, then alsof(f(z)) € S. Thisis the same reasoning used for deriving the
validity of group deletions from the corresponding singbei@tions already found valid. It
is therefore evident that a relaxed EBST will stay such whadnjexted to any number of the
standard rotations, using the above selection criteria.

Next, | will prove that a sequence of such rotations perfatngon the appropriate criterion
being fulfilled, will result in a balanced EBST. A generaluksvas presented by Bougs
al. for AVL trees: “Applying the original AVL rebalancing rulet® an arbitrary tree (even
very unbalanced!) in an arbitrary order, does evetuallipaps it into an AVL tree, even in
the presence of incomplete information on the heights o$tidrees” [11]. With a modified
rule set, they achieve a complexity ®n?) for such rebalancing. This is evidently a very
large number of operations, withbeing some millions of keys.

As EBSTs are a subgroup of AVL trees, excluding those AVLd1ithat allow only one child
in a router, so this shows that a relaxed EBST can be balaandds the standard rotations
preserve the number of child links, the resulting tree walldn EBST. But as my intent is
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also to derive the number of rotations needed for the contpleralysis in Section 6.2.3,
a more detailed result is necessary.

Theorem 6.3.Any treeT that is a relaxed EBST can be transformed into a balanced EBST
T’ by using a finite amount of the standard rotations so thaeeiitbigh{7”) = heigh{(T")
or height(T") = heigh{T) — 1.

Proof of Theorem 6.3. As shown earlier in Section 6.1, the class of relaxed EBSTs is
closed under the rebalancing operations. Obviously thenlsed EBSTs are a subset of the
relaxed, from the definition of EBSTs in Section 2.2, defamitof their balance in Definition
2.6, and the definition of the relaxed class in Definition 6.10

First the following lemma can be written:

Lemma 6.6.For a tre€l” that is a relaxed EBST and not in balance, one or more of the re-
balancing operations will be applicable. For each niodet fulfilling the balance condition
of Definition 2.6, exactly one of the rotations is applicable

Proof of Lemma 6.6: The selection criteria for the rotations includes the césgs- hs| <

1, hy > ho +2andhsy < hy + 2, wherehy; andhy are the heights of the subtrees. ks
and ho are positive integers, these conditions cover the entindrmaum. One of these is
always met; if the node is not in balance, one of these rotatwill be selected]

Similarly, the following observation is recorded:

Lemma 6.7.The rebalancing of a relaxed EBST does not terminate urgitriée is com-
pletely in balance, although it may pause.

The pausing is included as the algoritm is defined to allowcbeaperations to interleave.
Such temporary pausing does not modify the structure. Affealancing a single node, the
relaxed balancing algorithm proceeds to the parent unldsaraching point is met. The
balancing of that parent will continue after the sibling tsab has been rebalanced, as it
naturally proceeds over the branching node if necessamypdéates have occurred in both
subtrees of the root, then the root is the last branchingt poithe queue, due to the post-
order queuing. Thus it is the last node visited. It may pravéd in balance already, in
which case the rebalancing stops there, the root and sultsigjthe entire tree being in
balance. If there is imbalance left in the tree, one of thations is applicable as shown in
Lemma 6.6 until the balance condition is fulfilled. Thus Lem?7 is valid.[]

As stated earlier in Lemma 2.4, none of the standard roftian increase the height of the
tree, i.e.T” < T. Both claims of the height df” are included in this observation. Lemma
2.4 also states that each rotation can reduce the heighteabthted tree at most by one.
For a small tree it can be easily seen that the height of tlecbefore and after the rotation
is either same or differs by one.

All four standard rotations are provided together in Fig@r2 to illustrate the following
discussion. The single rotations are each other's mirmegaand so are the doubles. Hence
I only explain the cases of the single left rotation and tigatrto-left double rotation.

Thesingle left rotationis performed when the right subtrégis higher by at least two steps
than the left subtreel andheighiright(B)) > heighileft(B)). If the subtrees oB are of
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FIGURE 6.2: All of the standard rotations: single left and rightatidns on the upper row,
double right-left and left-right below.

the same height, the total tree height remains the samee Hdght subtree of3 is higher,
the total height of the tree is reduced by one as it is liftee step closer to the root. Thus
heigh{7”) > heigh{T') — 1. The result holds also for single right rotation.

The right-left double rotation is performed when the righbtsee B is higher by at least
two steps than the left subtrekandheigh{right(B)) < heightleft(B)). This rotation lifts
the subtrees aB left child one step higher, lowering by one step.

The height ofA was at least two lower than the heighti®to begin with, and the height of
B higher subtree is necessarily one less that the originghhef B by Definition 2.4. Thus
the height subtree of this subtree must be again one lessgual to the original height of
A. Its sibling must have a smaller height, as must the smalletrase ofB.

Thus in the final positionA’s height is either the same than the height of the lifted regbt
or less. Therefore the height of the tree is necessarilycestiby one unitheigh{7”") =
heigh{T") — 1. It cannot be reduced more: even when the largest liftedeeilig larger than
A, it still rises only one step. The result holds for the otheulnle rotation as well. This is
recorded as a lemma for further reference:

Lemma 6.8.For any double rotation on a relaxed and imbalanced EBSipplies that if
T’ is the resulting EBST,

heigh{7") = heigh(T) — 1.

This observation has been generalized by Malmi and Soisadaminen [34] for height-
valued trees, which are of the exact same shape than the E&RiTthus their reason-
ing holds in this case also. As the equality has been showheasaximum value for
height{T”"), they approach the lower limit by a counter-argument. Asagrthatheigh{7")

is at least two units smaller thdreigh{7"), they note that this would only be possible if at
least two height decreasing rotations were performed abibte

This could only be possible with the first rotation being aleurotation. LetB; and

B> be the children of the higher subtree of the higher child ef thot (named as in the
original illustrations in Section 2.5 on page 2.5. For thelae rotation in question here,
height B;) < heightBs) is required. None of the other cases would leave the trde stil
one unit imbalanced after the rotation, as required by thentes-argument. Malmi and
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Soisalon-Soininen conclude this to be a contradictionjrathe remaining case the second
rotation at the root cannot be height decreasing” [34].

For the Theorem 6.3 it has been shown that a relaxed, imtedadBBST can be transformed
into a balanced EBST. What remains to be proven is that onlyite fnumber of rotations

is needed. To keep record on how much work needs to be done totgee in balance, a
definition for the amount of imbalance in a node is needed:

Definition 6.12. Theimbalanceof a nodet is defined as the height difference of the subtrees
of t minus one, as one unit is allowed in a balanced tree:

imbalancét) = |heightleft(¢)) — heigh{right(¢))| — 1.

The number of rotations needed to eliminate all imbalangeés on the number of rota-
tions needed to remove one unit. Each rotation can removestt ome unit of imbalance
from the point of rotation, but it may also have no effect cattccording to the following
lemma, every other rotation of a balancing sequence mustVeweduce the imbalance.

Lemma 6.9.In a sequence of rotations on an imbalanced e# the rotation that trans-
forms T into 7" will not remove imbalance from the point of rotation, the heotation
transformingZ” into 7" must do so. Thus eithdreigh{7”) = heigh{T) A heigh{T") =
heigh{7") — 1 or heigh{7”) = heigh{T") — 1 A heigh{T") = heigh(7").

Proof of Lemma 6.9: According to Lemma 6.8, each double rotation necessarityedeses
the total height of the tree. This is the case in which the ffotsttion already removes a unit
by reducing the height difference between the siblingsioguse imbalance.

For the second case, the first rotation must be a singleontdtiet the subtrees of the higher
child of the root bed and B as in the illustrations of Section 2.5.Héight{ A) < height B),

the first rotation will already decrease the height of the {sze the preceding discussion on
single left rotation), and the rotation falls into the firsise. Thus the second case consists
only of the rotations for whictheigh{ A) = heigh{B). As the rotation moves eithet

or B to another branch in the tree, the children of the new roohaoessarily of different
heights as seen in the illustrations. Thus, any rotatioe,hgingle or double, will be a
height-decreasing onél

Returning to the proof of Theorem 6.3, we have that two rotetiare needed per the amount
of imbalance to balance atree. For a nodéth two balanced subtreesand B, the number
of rotations needed dtcan be written directly with the subtree heights2@seight(A) —
height{ B)) — 1, or as2 - imbalancét). As EBSTs are by definition finite trees, the height
difference of two subtrees must also be finite. Thereforeatheunt of rotations necessary
is a finite number. This completes the proof of Theorem Bl 3.

It has now been shown that all of the operations of the reldsedance update algorithm of
EBSTs have the desired outcome and the class of trees isldlmseach of the operations.
Thus the algorithm operates correctly. | will continue bwlgming the complexity of each
of these operation to provide a total complexity for the athm as a whole.
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6.2 Proof of Complexity

The very first factor of interest in analyzing the complexifya group-update algorithm is
the average number of links traversed per key in the locassefb]. This is calculated
in Section 6.2.1. The next measure of interest is the coriplexd the locality of the
update phase; how much time does it take per key to performipgbate operations, and
how many nodes need to be operated on per updated key, i.anbotvdoes the operation
interfere with other operations. The update phase is aedlyz Section 6.2.2. Finally,
the complexity and locality of the balancing needs to bessstk how many rotations are
needed per updated key and how many nodes need to be acces&eg o bring the tree
back in balance. This is done in Section 6.2.3. The complefithe entire algorithm is
drawn together in Section 6.2.5.

6.2.1 Locate Complexity

If tree T' hasn leaves, it has — 1 routers from to Lemma 4.5. Each router has two child
links by the definition of full external trees, from which thamber of links in an EBST is

I =2(n —1). In the worst case the divide-and-conquer —method will haveaverse each
link T" once. This occurs whem > n, and each leaf of" is the position leaf of one or
more keys in the batch. This is an unrealistically big batzb for a regular database, but it
may occur in construction phase.

Lemma 6.10.The worst-case complexity fon > nisO(2(n — 1)) = O(n).

To compare this with the same situation in a series of singeraiions to a perfectly bal-
anced tree, each leaf again being the position leaf of at taskey. For a series oh
single locate operations it is known from the height of a be¢el EBST that the complexity
is exactly®©(m logn). This is always bigger tha®(n) whenm > n.

Normally, m < n, so this is not a practical way to evaluate the complexity.n&sally
speaking, for a series on single keys, the locate complexityrns- O(logn) = O(m logn)

for anym < n. For a group operation of size, a loose upper bound is derived from the
numberk of position leaves occupied by the group, each of theseippnditaves being
O(log n) steps from the root.

Theorem 6.4.The locate complexity by the numbérof position leaves occupied by the
group ofm keys in a tree of size is O(k logn), wherek < m < n.

However, it is inevitable that ik > 2, additional savings are caused by the common pre-
fixes to position leaf paths. Normally is a few thousandg; in the magnitude of at least
hundreds and is a couple of millions. To better understand the savingsengtthe group
location, a more thorough discussion is given on the effettteonumber of position leaves.

For a random sequence of keys each configuration of position leaves into a random
balanced EBST with leaves is equiprobable. Afis the number of position leaves occupied
by them keys of a groupV/ andn is the total number of leaves, there zé}ze) different ways

to select the position leavds from the set of all leaved’. Note that there cannot be more
position leaves than keys in the groupg £ < m.



6.2. Proof of Complexity 46

As in practical applicationsn < n, the probability increases with the size lafso it is
necessary to evaluate how many position leaves is a groupkalys likely to occupy. This
is essentially the problem gfartitioning the integerm. A partition is essentially writing
the integer as a sum of positive integers, where the ordéreofimmands is insignificant.
Thus each summand would present one position leaf, havingaay keys in its subgroup
as the summand represents. Thus there as many ways to expessa sum ok integers
than there are ways fon keys to be divided int& position leaves. Fak < m the number
of possible divisions can be obtained from the following @ting function

1
1—2)1—22)...(1 —am)

g(z) =

Another way of representing these patrtitions is with théofeing recursion:

P(m,k) =P(m—1,k—1)+ P(n — k, k),

with the following conditions:P(m,0) = 0, P(m,m) = 1 andP(m, k) = 0 whenk > m.
This constructs the following triangle:

This figure is interpreted line be line; the bottom line, tirdhsin the triangle, gives the

number of divisions for the integer 6 into one to six summaridsere is one way to rep-
resent six as the sum of six intege6s= 1+ 1+ 1+ 1+ 1 + 1. This is the rightmost

element of the bottom row. The next element to the left defimoegs many ways are there to
represent six as a sum of five integeés= 1 + 1 + 1 + 1 + 2. Furthermore, there are two
ways to use four summands=1+1+1+3and6 =1+ 1+ 2+ 2, etc.

By implementing this as a small Java-program, | construétegire 6.3 form = 150,
showing how many possibilities are there to divideinto £ position leaves. Also in this
case, the curve shape is essentially similar forralhaving weight belown /2.

Evaluating the probability ok with respect tan gives thatk is likely to be much smaller
thanm. It can be concluded by observing Figure 6.3 thas likely to be approximately
m/10 < k < 4m/10.

There are(Z) ways to select thegeposition leaves, and depending on the mutual distances
of the position leaves, the savings made in the link tragecss be approximated. Each
position leaf needs to be traversed to, thus at Mgt log n) traverses are needed. From
this amount, the common prefixes of the position leaf pathsatso reduced to just one
traverse. The worst case for the locate phase is that thiéquolsaves are as far away from
each other as possible on the leaf level, with approximatglyleaves between them. Note
thatn > k. Still, when beginning from the root, as the positions araeapart as possible
andk > 2, the algorithm only needs to traverse each of the root'sldinks once, instead
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FIGURE 6.3: The division of 150 into partitions.

of once per key. The same occurs on the next levelf 4, only needing to traverse 4 links
instead of once per position. Similarly on levglif £ > 27, the traverse of — 27 links
is saved. Summing over those levels whiere 27 and bringing the constaitoutside the
summation gives

d
dk — ) 27, wheren is such thae” < k < 24,
=1

If m = 5000, the previous results state th#i < & < 2000. For the limit values the
savings are respectivel\88 links and17 954, expecting that the tree is sufficiently deep.
As usually the size of the treeis some millions and the maximum depth is directly related
to the height of the tree according to Definition 2.5, the gahii the tree depth can be
approximated:depti7T') = logn — 1 = log1000000 — 1 ~ 20 — 1 = 19. Thus if

k ~ 1000, the last level where the above summation guarantees saigdgz 10, which

is half way down the tree.

The complexity for the locate phase could now be represesmtetihe positive difference
between the worst-cage: — 2 traverses and the links saved(2n — 2 — dk — Z?Zl 27).
Another way to approach this is by the observation that tewél d, the algorithm traverses
every link above that level in the worst case, &g - 1) afterwards, wheré is the height
from that level to the leaf level. In the above analysis it wtaded that a level of depthhas

27 links. Thus the algorithm traversgs:?:1 27 links and the paths from there to the leaves
individually in the worst case. As the an upper bound to treightt is1.44 log n + 0.328

as in Theorem 2.1, the path left to traverse from depith1.44 logn + 0.328 — d + 1, as
tree depth is defined as height minus one.

For the sum of exponentials of two, the following formula kg zg:O 2t = 27+l _ 1,
Thus it is possible to simplify the expression of the numtfding traverses, ag’ = 1:

21! | k(1.44 logn — d 4+ 1.328) = 29" 4 1.44k logn — kd +1.328k.  (6.1)
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d was formerly defined as the level whe2®é < k& < 29+, Thus2¢t! is of a similar
magnitude withk, varying from just abové: to approximately2k, as2¢ < k and2¢+! =
2. 2% < 2k. | will examine the complexity for both end®§*! ~ k and2¢+! ~ 2k.

If 291 = [ with reasonable accuracy, = logk — 1. Substituting these in 6.1 gives
k+1.44k logn —k logk —k+ 1.328k = 3.328k + 1.44k logn — k logk.

For the second casg?t! = 2k andd = log2k — 1 =log2+1logk —1=1+logk—1 =
log k. Substitution into 6.1 gives NnoRk + 1.44 k logn — k logk + 1.328 k = 3.328 k +
1.44 k log k — k log k, which is the same result than yielded by the previous dulisth.
Both of these have obviously the sarfék logn) complexity than was directly derived
earlier, but the saving can be better understood by theselatibns. And ifk is of the
magnitudem /3, as suggested by the shape of the partition curve in 6. )gaaf approx-
imately every third or second link can be expected in conspario the single operations
of O(m log n) complexity. This estimation can be useful wherandn are known and the
key distribution is expected to be even.

For other distributions, an approach based on the mututndiss of the position leaves is
more useful. The following result by Brown and Tarjan [15] fo— 3 trees can be used as
a starting point:

Lemma 6.11.For a2 — 3 tree withn internal nodes labele@ 1, ... ,n — 1 in a left-to-right
order, the number of distinct nod@g, on the paths front external nodep; < p; < ... <
pi to the root is

Np <2 | [logn] + Z [log(pi — pi—1 +1)]
1<i<k

Soisalon-Soininen and Widmayer [48] have rewritten thisA@L trees:

Lemma6.12.Letty, ts, ..., t, be leaf nodes of an AVL tré€ suchthat; < t; < ... <t,.
For the numberV; of nodes that lie on the search pathgof . ., ¢, holds

Ny <4 ([log n| + [log(t; — ti—1 + 1)]) .
=2

(2

From Lemma 6.12, the following upper bound complexity i®dily obtained:

Theorem 6.5.The group search ofi keysk, ko, . . . , k., requiresO(log n+Z;”:_11 log d;)
link traverses, wheré; the the distance of leavés andk; ;.

To benefit from this result, it is understandable that ther@gmate probabilities of posi-
tion leaf separation distances need to be known. Both thpsoagh and the partitioning
approach above give rise to expectations that the complekihe group locate should be
better than that of a series of single locates. As a serigagledocates require®(m logn)
link traverses, and this has been shown to be the worst cagew location as well with
savings shown, the assumption of a tighter upper boundti§i¢uaks
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6.2.2 Update Complexity

As stated earlier in Section 6.1 while discussing the betafithe index operations in the
update phase, all update operations begin with a check:eipdkition leaf key included

in the subgroup of that position. As the subgroup sizeviand it is stored as an ordered
list, this check require®(log m) time. If this check is positive and the operation is search,
nothing more needs to be done; the key information is retlasea signal of a successful
operation. The same result applies for deletion by validigrks, as there we simply mark
the position leaf if the check is positive. For both seardahdelete failing the check signifies
operation failure.

Theorem 6.6.The search and delete group operations Rayeg m) complexity withm
as the size of the group.

For the index operation the check is performed in order tadakeplacing of an existing
key. If the check is positive (providing worst-case comjilgx the key of the position leaf

is added in the subgroup in the correct position. This candme thO(log m) time, as the
sequence is ordered. After this, in the second step of thepgrsert, a balanced tree is
constructed from the subgroup@(m) time. This is the best possible upper bound as each
key needs to be turned into a leaf, takimg O(1) time. After the tree has been built, it is
attached on the place of the former position leaf, requitivgparent link to be set and the
parent’s child link updated. This requir€x1) time.

Thus the total complexity of the insertiond¥log m) + O(1) 4+ O(m), which reduces into
O(m), asl < logm < m.

Theorem 6.7.The group insertion ha@(m) complexity withm as the size of the group.

6.2.3 Balance Complexity

For the balance phase, the most influential factor what camakgorithm performance is
obviously the number of rotations needed per key to returBB8T into balance [5]. As
each of the standard rotations defined in Section 2.5 regjaicenstant time and the balance
procedure needs to traverse the tree in order to restoreathade, the total running time
of the balance phase is proportional to the number of ratatfdus the number of visited
nodes [34].

In proving the correctness of the balancing algorithm it whewn that the number of
rotations needed to balance a tree is finite and a value wailptbfor the rotations needed
to balance an imbalanced notde

Lemma 6.13.The number of rotations needed to balance nade - imbalancét).

From Definition 6.12 it is easily derived that when a groupeitisn occurs on a balanced
EBST, the imbalance caused by the insertion at the parehegfdsition leaf is directly pro-

portional to the height of the newly attached subtfgeMalmi and Soisalon-Soininen [34]
have analyzed the total number of rotations needed for heajbed trees, showing that the
tree reaches balance possibly even before reaching the root
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Their proof of complexity is valid for the algorithm presedtin this thesis as well, as
the main difference is in marking the imbalance, but the ity proceeds in the same
exact manner. This section basically summarizes theitisoluThe analysis begins with
determining the number of rotations needed to balance avneee a group ofn keys were
inserted in the same position leaf= 1. This is further generalized to apply for any value
of .

The balancing proceeds as defined by the algorithm in Segibinom the leftmost position
leaf’s parent up until it reaches a branching node or a rootrduter is balanced until both
of its subtrees are known to be in balance. As explained irakparithm, the subtree in
guestion may become balanced even before reaching a bngnotile. The nodes in which
this happens, are calletiopping nodes

Lemma 6.14.A nodeu, on the path fromy to the rootu; that does not require rebalancing
after both of its subtrees are rebalanced is callstbpping nodands > k& — 2h — 1.

Hereh is the height of the inserted subtree of size- 1, h = log(m+ 1). They proved this
with a counter-argument by observing the heights of theethmnsecutive trees of Lemma
6.9. Further they showed that aftef, at most one more rotation is needed on the path
Usy Us—1y -+, UL:

Lemma 6.15.Assume that the tre€ has been balanced up a point where a stopping node
is found. Therat most one more rotatiois needed to gef’ completely in balance.

After usy; has been balanced amd needs no more balancing, one more rotation may be
necessary, as the rotation that balanagg; could have increased the height«@wf. This
increase was at most one unit. Therefore it is possible tigbne extra unit still needs to
be removed from the subtree height difference in some of tllesu,, us_1,...,u;. Asit

was stated in the lemma thaf is in balance, that possible imbalance is above it.

Let u, be the node that is the location of the unit of this imbalantéus a rotation is
performed at:,., which must be height-decreasing as otherwise the height wfould have

not originally increased. Thus the height:gfdoes not change due to the rotation there and
no more imbalance can exist abovg as the heights have not changed and the tree was
originally in balanceJ

From these lemmas Malmi and Soisalon-Soininen [34] cordutiat at mos0 (h?) rota-
tions are needed, i.e. with= log(m + 1), O(log?(m + 1)) = O(log? m) rotations.

Theorem 6.8.The number of rotations needed to balance an originallynoeld EBST after
a successful group insert of keys in one position leafk(= 1) is O(log® m).

Let the number of position leaves now ke> 1, and the new subtrees constructed for
these leaveg), Ts, ..., T} in left-to-right order by position in the tréB. The balancing is
assumed to start frof; and continue in the given order. As presented in Sectiontbed,
balancing stops if a branching node is reached. By definitwanching nodes are those
routers from which at least one insertion was made in botlsdlibtrees. These can also
be defined athe lowest common ancestmbthe treesT;.

Malmi and Soisalon-Soininen [34] state that iedancing of an inserted subtrdé ends at
the first nodeuy, for which one of the following applies:
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(i) heightu}_,) > heighi(u),_,) + 2
(ii) ug is not a branching node and is in balance after the path beloasibeen balanced

(i) uy is the root of the tree

They formulate the following lemma, where stopping nodes as in Lemma 6.14 and
additionally branching nodes. The proof of this lemma bassentially on Lemma 6.9

Lemma 6.16.Let u;, be the node where the balancinglefends, and let,, ...u,, be the
stopping nodes in the path, . . ., ug, whereu; is the root ofl;. Then the number of nodes
before the first stopping node, between any two consecutipimg nodes, and after the
last stopping node i© (height7;)) [34].

They continue the generalization by rewriting Lemma 6. 1hanfollowing form:

Lemma 6.17.Let u be the node where the balancing of a subffeends. Then at most
two more rotations are performed before reaching the themade on the path to the root,
where the balancing of anoth&f ends. If there is no such node, these two rotations suffice
for reaching the root in balance.

This is based on the observation that the height: ahay have been increased in such a
way that the first rotation performed above it will not be lntigecreasing, but another is
needed.

With Lemma 6.16 and)(log m) rotations sufficing for a single position leaf as recorded
in Theorem 6.8, Malmi and Soisalon-Soininen [34] derivedbaeral result:

Theorem 6.9.The number of rotations needed to balance an EBS$at was originally in
balance is at most:1 c; - height H;)?, wherec; is a constant and; is theith position
leaf where a subgroup was inserted.

Proof of Theorem 6.9: The proof follows the outline given by Malmi and Soisalon-
Soininen [34]. Letu be the node where the balancing of at least Bnends. The trees for
which the balancing stops here are consecufiVe, .., 7}, one of which isT;. Lemma
6.16 states that the number of rotations needed beforegbatand after a stopping node
on the path to the root 9 (height7;)). From Lemma 6.13, the number of rotations needed
is at mostO(heigh{(7;)) in all of the nodes on the path from there to the root. As these a
s subtrees that reach balance:athere aré — 1 stopping nodes.

The rotations needed before the first stopping node areatigtassigned td’;, the earliest
subtree from the left. Similarly the rotations needed betweodesu;, andu;,, are
assigned to the subtrdg_,, ;. The rotations needed between the last stopping node and
u can be assigned to ar¥y;, ..., T, as it is shared by all the paths from any of these
subtrees to the root. The same applies for the at most 2 awdlitrotations from Lemma
6.17. For any singld;, more thanO(heigh{7;)?) rotations are necessary. From these
observations and the fact that edEhh i = 1,... k, has exactly one ending node the
theorem is concluded]

In addition to the number of rotations, the balance phaseptmiity includes the path tra-
versed by the algorithm. As in the analysis of locate comiplethis depends on the number
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of position leaves. A loose upper bound is obtained sinyilaHe path from each position
leaf to the root may need to be traversed, but savings malf fema common postfixes and
possible stopping before the root. As each path is at 0¢kig n) steps from the subtree
root to the root of the tree and there @r@osition leaves, the complexity is again at most
O(k logn). Also here, similar considerations with the group sizean be done as | did in
Section 6.2.1. This can be summarized into the complexith@balancing step:

Theorem 6.10. The total complexity of the balance phase of the algorithm is
O(Zle log? m; + k log n), the further term being the rotation cost and the latter th&-m
imum path length.

The upper bound for the length of the path between a node anth given in Theorem
6.5 is also valid for the backward propagation of the rel@dan The difficult part is to
include the effect of the tree possibly reaching balancetardinating the traverse before
reaching the root. From Lemma 6.14 it is known that the batgnof a branch is close to
being finished at a node;, s > k — 2h — 1, whereu; is the root. Thus the inequality seems
to provide an upper bound for the path length on the route fsomposition leaf towards
the root. However, there is still one possible imbalanceesmhere above.,,, and as its
position or distance is not known, the balancing may as vietilcup to the root.

For optimally balanced binary search trees, in which skberd longest path differ at most
by one, Andersson and Lai [4] obtain a balance complexityhefdame order with their
reconstruction technique (partial rebuilding after treetsize has doubled). Providing that
there are no deletions, they show that the amortized nunfoetations isO(log® n) per
each insertion. They employ stricter balance rules thakthevariants, aiming at superior
performance when the trees are balanced, but risk the trgletliiring periods of growth.

As the complexity for each of the three phases have now besyzaa, comparisons can
be made to the strictly-coupled single operation compjexiherefore, the analysis of the
single case is summarized in the following section, afteictvthe total complexity of both
approaches is evaluated.

6.2.4 Strictly-Coupled Single Update Complexity

Before comparing the complexity of the presented algorjttiva corresponding complexi-
ties for strictly coupled single operations are provided. ndted on several occasions, the
path length from the root to any single leafiglog n), which is the complexity of a single
search operation, as the comparison on whether a match wad fe done inO(1) time.
Also the insertion is simple: the position leaf is dividedtwo in O(1) time. The more
complicated question is the balancing; how likely is a @rigkertion into a balanced tree
to result in a rotation? This is not trivial, as the tree isadnce if the difference in subtree
heights is at most one. Thus it is well possible to make anrtiosewithout the need to
perform a rotation, but eventually as a subtree grows seiffilyi, rotations are needed.

Tarjan [51] has shown that balanced binary tree can be bedaincO (1) rotations after a
single insertion. This also applies for a seriesroingle insertions, regardless of whether
they take the same position leaf or spread differently. Thestvcase, inserting a sorted
sequence into the same position leaf (always splittingghtdreated by the previous inser-
tion), is most similar to the group insertion. This gives O(1) = O(m) for the number of
rotations for a series of keys. The same result applies fegqaence of updated in weight-



6.2. Proof of Complexity 53

balanced trees, such as the[BBtrees [10]. That result is also valid for the rotations cause
by deletions.

This result applies for EBSTS; as each insertion causes st ome rotation in the tree, as
a loose upper bound as this is obvious. A practical expetiroBmserting a sequence of
keys, all having the same position leaf in growing order peothis quickly. Let the leftmost
leaf of a balanced tree be+ 1. Inserting the sequendd, 2,3,4,...,n} in order one by
one will cause the following operation: inserting 1 spfits 1, inserting 2 splits 1, inserting
3 splits 2, and finally inserting splitsn — 1. Almost every single one of these insertions
will result in a rotation. Occasionally two consequent itisais are made with no rotation,
but the trend is one rotation per one insertion. Were the keysorted, rotations would be
more rare, but still in linear relation, as they are in no welgted to each other.

Another approach for analyzing the properties of balanoesl dtructures ifinge analysis
first sketched by Yao [53] and further developed by Brown [IPfe fringe is the bottom
part of a tree, obtained for example by deleting all leaved thave at least a specified
number of leaves below them or by defining that it consisfsiofjie nodesi.e. those nodes
that have at least one leaf child [14, 36]. After obtaining ftinge, the top of the tree is
ignored during the analysis, thus simplifying the extenthaf operations.

Yao [53] himself analyze® — 3 trees and the average number of nodes of ofden
B-trees, showing the asymptotic storage utilization to fygr@ximatelyln 2. Ottmann and
Wood [43] used this strategy to estimate the average stoeagéred byl —2 brother trees, a
class of trees easily transformed into AVL trees and backwBi{14] employed the method
directly for AVL trees, although only performing a partiadaysis. He used fringe analysis
to determine the portion of completely balanced nodesthase nodes whose subtrees are
of equal height.

As the fringe is formed by cutting of the top of the tree, itimus that the resulting nodes
for a disjointed set of trees. These trees can be classifeefinite number of different types,
i.e. the type collection is closed. The trees of this forestain AVL tree can be classified
into two main types: thev-trees that have one internal node with two leaf childred, the

M -trees that have one leaf child and the other child is\atree (two mirror cases) [14].
Brown analyzes the proportions of these trees in the fringenunsertions, not reaching
the same accuracy than Yao did with- 3 trees, as the height balanced trees occasionally
require rotations outside the fringe. This obstacle hasedinen been removed, and amongst
all Baeza-Yates [7] explains how to use fringe analysis feakly closed collections, thus
allowing the rotations.

Mehlhorn [36] extends this analysis to include also randoseitions. He uses the same
definition of fringe than Brown and derives the average nundbdalanced nodes to be
4n/9 < B(n) < Tn/8 + o(n). Baeza-Yates, Gonnet and Ziviani used fringe analysis to
obtain a result needed in this thesis: a probability of atiartan an AVL tree.

Theorem 6.11.For the probabilityP, of a rotation upon an insertion into an AVL tree, the
following limits apply:

0.37 < P, <0.73

The exact value oP, seems to be less tharb6 [6, 8].

To prove this, they first define a closed collection of AVL sdbat appear in the fringe,
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define bounds for the rotation probability, generalize tivayk tree collection into a weakly-
closed collection, define the recurrence for the fringe aidirsy for the above result in
symbolic form. As the rotations of EBSTs are the same thasdtw AVL trees and the
strictly coupled single insertions into these trees aratidal, the result is also valid for
EBSTs.

This result on rotation probability will be useful both wheomparing the analytical per-
formance of the single operation approach to the group iiigorand also when evaluating
the reliability of the experiments of Chapter 7. As a pointriérest, the fringe analysis is
in many ways analog to Markov chains and urn processes [6].

Another question is the length of the path traversed by thalamcing of this sequence.
This depends on how high a rotation takes place. For singkrtions, as the tree reaches
balance after at most one rotation, the balancer will teatairafter performing a rotation.
Another stopping criterion is that the balancing meets a&mnkose height does not change
due to the update even though no rotation is performed. Mehland Tsakalidis [37] call
the lastimbalanced node, i.e. the node immediately belewstibpping node eritical node
They show the following theorem:

Theorem 6.12.The length of the path from the position of the update to titecat node has
amortized length 02.618 per insertion, giving directl.618 n total length for a sequence
of n arbitrary insertions.

For completely random insertions, the provide an improvednid for the length of the
balancing pathi1.47 < path< 2.26 [37]. | have not yet seen a similar result for the group
updates, which is a major point of interest in future work.

Huddleston and Mehlhorn [21] have estimated the distroutf rebalancing operations
on the different levels ofa, b)-trees with hysteresis calculations, arriving at a resoit f
the number of rebalancing operations on each level for thierent cases. They begin
their analysis by examining the propagation of the changesead by updates, observing
the relations of splits and fusions of the nodes. Unforteiyatheir analysis is not easily

adopted for AVL trees and the analysis is quite heavy to belected or included in a

Master's thesis. It would nevertheless be desirable toigeosuch analysis for EBSTs as
well in future work.

6.2.5 Total Complexity

The case of the group insert complexity is straightforwdhd: path length in the locate
phase i) (k logn), and likely much smaller due to the possibility of savinger & series
of single search operations, the complexitypign logn), and ask < m < n, the group
case is always at least as good as the single case what colimdsttaverses. As there is
no compact formula for the additional savings, | have caieséd the graph of Figure 6.4
to show the number of links traversed for= 1 000 000, m = 5000 as the value ok goes
from 1 to m.

For the group search, an additior@(m log m) is required for sorting the keys, but the
sorting may be done either by the client application or atitlkdex, so that computational
load is not necessarily served by the indexing system. Iresapplication areas, the keys
may be more or less ordered to begin with; this is the also mand Malmi's group
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FIGURE 6.4: The number of links traversed for single and group lgabcedures with
kE e (1,m).

search algorithm that uses the dependencies between centdgys to make savings in
traversing [33]. In such a case the sorting is consideradstef.

For the insertion, the locate phase is exactly the same abdosearch operations. Both
the single and group updates on the leaf levelf®) per leaf, givingO(m) for m single
insertions and) (k) for a group operation with group size. As k& < m, the group update
is at least as efficient as single updates when attachingethdeaves to the tree. Note that
this does not include the balancing, but merely the updatseh

For the rotation performance, the complexity for group apens isO(Zf:1 log? m;) by
Theorem 6.10 and the probability of a rotation in single dasestimated to be close to
0.56 by Theorem 6.11. For a serieswf insertions, each independent, the total number of
rotations is naturally).56 m with sufficient accuracy.
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FIGURE 6.5: The expected number of rotations for different subsiges in one position
leaf.

Figure 6.5 has been constructed far € {10,100, 500, 700, 1 000,2 000} and it shows
the curve forO(log? m) together with the limit values of single rotation probatitand the
estimate from Theorem 6.11. Another question is how theeatamplexity behaves for
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1 < k < m. To provide an idea on the behavior, | will return to the pigmting problem
discussed Section 6.2.1.

For anym = Zle m;, there are always the two trivial partitiohs= 1 = m; = m and
k= m = Vi m; = 1. As Theorem 6.9 states the rotation cost as an expressidreof t
subtree height, and the actual subtree contains the idskegies plus the original position
leaf, the rotation cost fok = 1 is of the magnitudéog?(m + 1) and the rotation cost for
the latter case ig log?(1 + 1) = k. If m = 16, these costs are the same (note that the
logarithm is taken in base two). For < 16 choosingk = m produces the lower cost and
form > 16, k = 1 produces the lower cost. As an example, | have calculatecbthéon
cost magnitudeifz1 log(m; + 1) for some of the partitions of» = 500. The results
below show that neither one of the trivial cases is thus theimmam, but thek = 1 case is
apparently the minimum.

k m; cost
1 500 80

3 100 + 150 + 250 160
5 100 +100 + ...+ 100 | 222
7 504+ 75+ 75+ ...+ 75| 266
10 [50+50+...+50 322
20 | 254+25+4+...+25 442
50 [ 10+10+...+10 598
100 [ 5+54+...4+5 668
250 | 24+24+...42 628
500 [ 1+1+...+1 500

As the last cost summand, the expected height of a rotatiampisblematic issue, it is best
compared by the experiments of Chapter 7. For both casesrtgest possible path reaches
the root, and for the group case this giveg: log n) links andO(m logn) for the singles,

k <m.

From the discussion of this chapter, the total complexitytf@ relaxed-balance group-
update algorithm can be concluded as follows:

Theorem 6.13.The complexity of the presented algorithm for group ingeiis the total
of the complexity of the following phases: sorting the kest bf m keys inO(m log m)
time, locating thet position leaves irO(k log n) time, performing the subtree construc-
tion in O(m) time, attaching the subtree to the correct positioi{1) time, performing
O(log? m) rotations and traversing at mastk log n) steps upwards in the tree.

O(mlogm+ klogn+m+1+ Zle log? m; + k logn) =
O(m logm + k logn + 25:1 log?m;).

If the sorting is done externally, the complexity 5k logn + log?m), but for internal
sorting, asn > log m, the complexity can be expressed@&n logm + k logn). In all
of these expressiong,< m < n.

For comparison, a similar worst-case expression can béewridn the complexity of a
sequence ofn strictly balanced single operations. This consists of (e logn) tra-
versesO(m) leaf splits,O(m) rotations and)(m logn) traverses during balancing. The
total is thereforeO(m logn). Using the inequalitess < m < n it is evident, that
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klogn < mlogn andm logm < mlogn. The problematic comparison is the sum
expression for the rotation cost. Judging by the above talons form = 500, it seems
to be safe to expect that it does not rise much abovaut can be significantly less. Thus
it is of similar or smaller magnitude witt)(m) for the single case. Therefore the group
algorithm with relaxed-balancing has practically eithdower or the same upper bound
than the single case.



Chapter 7

Experiments

This chapter documents the performance analysis condoct&BST-based indices. The
variations included in the experiments are listed in Sectid together with system param-
eters. The metrics of the evaluation are discussed in $e¢t and the implementation

used in the experiments is described in Section 7.3. Settbaxplains the measurements
made and the test environment. The results of the experinagatreported and analyzed in
Section 7.5 and the outcome of the evaluation analyzed itidBec.6.

In discussing previous versions of group-update algomstfonrelaxed-balance search trees,
the main question is whether the performance is better thamei traditional strictly cou-
pled single updates. Malmi [33] conducted comprehensipements on the performance
of group and singular operations, investigating whethergtoup approach speeds up the
processing in practice and if so, in what circumstances. ddad that the group approach
performed better for a dense distribution on the queried ke worse on a sparse distri-
bution.

One of the main goals in developing a new algorithm is to glevsuch a solution that
will not perform worse than single updates under any comadij i.e. will not introduce
computational overhead for an even key distribution, blitpréserve the savings made by
Malmi [33] achieved for a dense distribution.

The mathematical analysis of the previous chapter can be tasprove the correctness
and to provide an upper bound to the time and space requitsréthe algorithm, but

modeling and experiments are necessary to investigatafthemce of key distributions and
such factors with reasonable effort. A mathematical amalysuld not provide information

that would be more useful than the trends observed in ped@iperiments, but it would be
much more tedious to conduct. Malmi [33] points out that ‘@sally worst-case analysis
can give too pessimistic bounds for the running time of anrilgm,” which is also a threat
in my analysis. Clearly a more realistic comparison can bdewahen also experimental
approach is taken.

7.1 System Variations

In order to conduct reliable experiments, a careful desigooth the experiments and the
model used is necessary [22]. In this thesis the goal of teréxent is to compare the

58
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performance of the defined algorithm to other possible aapres. Three system variations
are chosen for measurements:

e Single updates with strictly coupled balancing
e Group updates with strictly coupled balancing

e Group updates with relaxed balancing

The relaxed balance for single operations is omitted as dtexed-balance algorithm is
not suitable as is for traversing the tree more than oncerddfalancing. Marking of the
branching nodes is problematic in single case: the markéfgigg left and right proceeding
can not be initialized to be false within the locate phasdhadree is traversed more than
once per a series of single keys. A separate procedure weuhddded to clear a tree of
these marks. This is quite inconvenient, but constructirsgzarate single-case relaxed-
balance algorithm was not of interest here.

The traversing and modifying the tree needs to be done atagiynas possible, using the

same procedures for traversing the tree in the locate phaseth update modes, and the
same criteria and implementation for the standard rotatiorboth balance modes. The
same locate phase implementation is used for the group agipes and another one for the
single case. Similarly the group cases share the update phaementation use. However
if the subgroup of a position leaf is of size one, the leaftgwbcedure of the single case is
employed.

All three variations use the same inner balancing procedugection 5.4. It balances one
group entirely if the check for branching is coupled with @cdkfor the balance mode, so
that the system does not stop when there is only one grouddndma

The model needs to generate a specified number of keys udfegedt distributions to
create them. The implementation is such that once the pteasrage set, a specified number
of test sequence could be ran and the significant figures girtie@ssing could be recorded.
The parameters of an operation sequence are summarizedlan7Ta.

TABLE 7.1: System parameters in measurements.

| Parameter | Value
Initial tree size 100000
Key range 1 -5000000
Operations per sequence300
Size of a group 500, 1000, 2 500
Key distribution Even and generate
Operation type Insert
Operation mode Group and single
Balance mode Strict and relaxed

To limit the number of combinations, the initial tree sizel®sen a constant value. It would
of course be interesting to compare the behavior of the fvategjies in trees of different
sizes, but the goal of these experiments is more limited awedtiee size will suffice for
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my purposes here. The implementation would however all@vue of different initial
tree sizes, which leaves the door open for later experirtiental hose parameters that are
varied are calledactors[22].

The selection of tree size, key range, and number of keysgegation sequence are reduced
from the figures used by Hanke with red-black trees [19]. luldde desirable to examine
the performance of the system variations for vary largestegel long operation sequences,
but due to limitations in time and hardware, | settled for fegunot trivially small (not
calculated by hand) but descriptive of the actual situation

The group sizes used were selected to match the estimatiofiéren [54] and other re-
searchers for some common applications of indices; a gré8p60 keys corresponds to
a small article in full-text indexing, a natural batch sizearound 10 000 for many other
applications as well. Thus as normatyis some millions and | use = 100000, | also
scaled down the real-life group sizes dividing them by tes.ti#e operation count 00,
for group size500, 150 000 keys are used. Similarly fonn = 1000 the number of keys is
300000 and form = 2500 the count is750 000. This is also valid for single operations as
explained below.

The initial trees are constructed with an even distribytiehich was also chosen by Malmi [33]
for the same main reason: the effect of the key distributismsore easily derived as the ini-
tial tree is filled randomly rather than using a pattern. Naithe initial tree nor the groups
of keys are allowed to contain duplicate values; thereftge i single operation tests, the
keys are generated as alike sequences to remove the deplican there as well. The only
difference is that the group update uses sorted sequenbésh would be unnecessarily
harmful to the single case performance and thus random wrgeeserved there. Thus also
for single operations, the number of keys insertedhiBmes the number of operations in a
test sequence, each list:of having no duplicates.

The two distributions chosen for these experiments areviiie @runiformdistribution gen-
erated directly by ava. ut i | . Randomof the Java APl and a 'dense’ distribution about
13000 keys wide, not producing anything outside that areaggated by translating the
words of the Bible into a sequence of integers, each of thelsvbaving a unique repre-
sentation. As the location of the peak is not important,eathe existence, it is positioned
at the beginning of the key space. To understand the natutteesé two distributions, |
constructed graphs of the sequences they generate. Faethdistribution, Figure 7.1 was
plotted from a million random numbers generated from therirai (0, 100).

From the text-generated distribution, mainly the dense &rethe interval(1, 12 566) is
shown; the rest is empty for an interval with a maximum lathan the number of distinct
words in the Bible. This is shown in Figure 7.2. The total nembf words in the Bible
would limit the number of operations per sequence, as dftmuta50 000 keys the sequence
restarts, the peak is shifted b 566 after the first cycle not to overlap. Thus the dense
distribution in a sense traverses the key space, wrappitigeagénd if necessary. As the
largestm used is2 500 and the operation count 80, the word list will not need to wrap
in these experiments.

The implementation also allows other distributions, adarpd in Section 7.3; | hope to be
able to examine the performance of the algorithm for varreaslife indexing distributions
in future work. A thorough analysis of more than two disttibons would however expand
this work beyond a Master’s thesis.
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FIGURE 7.2: The distribution generated by using distinct wordshefBible as keys gener-
ated by the first50 000 words.

The even distribution was the natural choice to be includedt is the same one used in
most of the formal analysis and it was also found by Malmi [@8provide for the worst
performance for a group update algorithm. Thus if my al@onitcan perform fairly with
the even distribution, it should not go below the single gasdormance in other, more
favorable circumstances. The second distribution was ts@dovide at least a touch of
realism by using actual English text to generate the keyastrand also, as the number
of distinct words used in the Bible does not cover the modargligh entirely, it would
cause peaks in actual full-text indexing as well. Althouglwrit provides for only one large
peak, as the number mapping does not account for the digbribaf these words into all
of English vocabulary. The Bible was chosen as the text sp@xit well available as plain
text on the Internet and is sufficiently long.

As for the index operations, | have chosen to run only inspdrations, as each insert
already includes a search operation; the search operat@mribthing more, only less than
an insert, and the link traverses in the locate phase of @ntios match exactly those done
in the search of the same key list. Also deletions are ométsetharking the leaves as invalid
is reducible to a search operation plus a constant-timegehahone bit, and no practical
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implementation for the group deletion was constructed imttiesis or found in literature.

With the factor values of Table 7.1, excluding the problémsihgle-relaxed —combination,
the outcome i48 combinations as the each of the factors needs to be singted onder to
draw valid conclusions [22]. Each of these experiment&rgaied until a defined confidence
interval of is met. The information recorded per each testiaulisted in Table 7.3 in
Section 7.3.

7.2 Metrics

As in the mathematical analysis, there are three issuesdresalin these experiments: the
length of the traversed path in the locate phase, the nunfbeydes visited in an update
operation, and the number of rotations made during rebigii6]. Thus the model imple-
mentation needs to record at least the following infornmatio

Path length: the number of links traversed per operation
Locality: the number of links traversed per successful operatiomduralancing

Balancing effort: the number of rotations made per operation sequence

The number of rotations cannot be recorded per each singlatign, as the relaxed balanc-
ing will only be performed after some sequence of operatidhg metrics forperformance
of an entire operation sequence would then be the following:

e The number of link traverses per key while locating the pasit
e The number of link traverses in balancing per successfoligited key

e The number of single and double rotations per successfudigrted key

Also, as a curiosity, the number of keys per position leaf Hrenumber of successful
operations per position leaf are recorded alongside witisalmetrics, as the number of
position leaves is a critical factor in the formal analydishe algorithm.

By conducting the same operation sequence using the sanstrkayn with all of the vari-
ations will give comparable figures for each of these, andingithe same operation se-
guence with several different key streams all generatedhéysame distribution will give
statistically meaningful figures for comparing the behawbthe four variations. For each
of these criteria, the smaller the value, the better theoperdnce. The selection of these
metrics and the preceding factors has been set to meet thederuprevious, similar work.
One common performance metric is the run-time of an algoritbut as the model imple-
mentation operations also include the recording of the oreasent information and it does
not handle an actual database, the run-time values are mnyateadistic and will not be used
in evaluating the performance of the variations.
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7.3 Description of Implementation

For evaluating the performance of the algorithm | have imm@eted a small-scale Java li-
brary on the problem area. The library includes an impleatént of the EBST discussed
in this thesis complete with integer keys, traversing are gimple rotations used in re-
balancing, and a tools for generating keys with determiristtibutions and running test
operation sequences on the structure. There are two aperaitdes: the single update
mode, inserts one key at a time, and the group update modefcinds of keys. In both
modes the balancing may be either coupled with the updateiiqe or triggered later as
relaxed balancing. All four combinations are evaluatechenéxperiment set.

As the details of concurrency control, discussed in Se@i@rare not a part of this thesis,
only one operation sequence is operating on the index tragiee. The sequence can be
defined with a parameter file. The parameter sets is the samewis defined in Table 7.1,

although the implementation supports more variability —e felection of factors is not

hard-coded into the implementation, but may be altered.

7.3.1 Packages

The implementation is divided in four packages, briefly désd in Table 7.2. For each
package a short overview of the contents and functionatitipirs, but the details of the
implementation are not discussed or the Java program cotleléd.

TABLE 7.2: The Java library packages.

| Package name | Brief description \
i ndex. ebst EBST implementation
i ndex. operati on | Control structures for EBST update and balancjng
i ndex. t est Experiment setup and measurement tools
i ndex.distrib Distributions for integer keys

The packagé ndex. ebst consists of only one class hierarchy, defining the classtefex
nal binary search trees. The abstract superdiaske provides for the attributes common
for all nodes: the height of the node, the key or routing vahre the parent link. Each
node is able to modify the parent link, request for its ownaeah from its parent and for-
ward a key of a group of keys to the correct direction in the.tr€he class also includes
a static operation for constructing EBSTs from a list of galekeys. Routers and leaves
are implemented correspondinglyRout er andLeaf . Each router can perform the stan-
dard rotations using itself as the starting point of thetrotes. The only special property in
leaves is that they can split themselves into two leaves andtar as their parent. This is
needed for single insertions and for groups of size one.

The package ndex. di stri b only includes the inheritance hierarchy of distributions.
The abstract superclagd st ri buti on contains the information on the minimum and
maximum of allowed key value and a random number generatmtatefor properly vary-
ing distribution. Its subclasses are required to be ableddyre decimal values from the
interval (0.0, 1.0). By resorting to this production, the superclass providethods to gen-
erate either just one or a sequence of integer keys with niteg@ng values, using a source
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following a distribution defined in one of the subclassese $tandard distribution source
provided in the Java APl is the even or uniform distributiofeEvenDi st ri buti on.

A parser class$Jser Di st ri buti onis provided for using other distributions. The user-
defined distributions are given to the tester as a text fileyiging in left-to-right order
the probability distribution in the intervdD.0, 1.0). The distribution is approximated with
rectangles of arbitrary length, the column height beingpitabability of a key belonging
to the subinterval from the starting point of the column te &nd point. For each column,
the end point and the probability are given, expecting thatfirst rectangle begins at the
origin.

As the probabilities of these pillars should add to exatity the width of the last column
is not needed, but can be calculated. Also the end point élatst column must be.0. By
using a random number generator in the same basic inténll.0), | select an interval
from the user-defined distribution directly based on thaloam value, thus obtaining the
wider columns more often, accordingly to the distributidinen | generate another random
number and scale it to be a key value from the relative intefhe defined distribution.

The most complex packageiisidex. oper at i on, which includes the classes of operat-
ing on an EBST and recording status information. Taat r ol | er class takes care of
the operation and balancing modes and processes indexiopeeguests located at given
position leaves with given data. The balancing is supedviseBal ancer either strictly
coupled or relaxed. Information on the current state of tbe,thumber of link traverses in
each locate phase, and other such data is recorded. A certipteaif the recorded statistics
is given in Table 7.3.

The last of the four packages is separate from the other thréee sense that the other
three depend on each other to provide the necessary fualitjofor an index tree, they are
completely unaware of the classes in packagéex. t est . These classes interpret the
parameters, run the test sequences and compute the resaitthke output statistics. The
runnable class i$est er , which loads the parameter sets and uses in@per at i on to
operate on an EBST instance according to a specific set oinesess. This package also
contains thévet r i ¢ class for analyzing the operation sequences.

7.3.2 Operating on the Index Tree

Figure 7.3 explains the basic work flow between the classes:ekperiment sequence
begins ini ndex. t est. Test er, where the parameter sets are senOper at or in
the same package for generating operation sequences witliviin parameter definition.
Test er controls that each sequence is iterated until a desireddemdé interval is met
with defined accuracy, at least 30 times and at most 90, stgms the requirements are
met. The next step is that th@er at or sets up the initial tree and runs the amount of
operations defined in the parameters. After each roundcdrds the statistics for that
operation sequence and informs ffest er of the current figures of statistical reliability.

An index operation is performed by first setting the operatioode forCont r ol | er

in package ndex. oper at i on and sending properly generated key material to the tree
from the root node, an instance iohdex. ebst . Node. The data traverses the tree until
it arrives at a position leaf, where it is forwarded to ent r ol | er to process (i.e. to
return the result of a search or perform the insert). After possible update has been
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Tester

FIGURE 7.3: The main structure of the model implementation.

done, balancing takes place. For strict balancingGiwet r ol | er calls theBal ancer

of the same package, which in turn requests for rebalandimglividual nodes in the tree,
instances of ndex. ebst . Rout er . For relaxed balancing, the positions are queued in
Bal ancer and balancing is initiated by th@per at or after a group of operations (one
group operation or a series of single operations of the s@wag s

Some of the classes, & st ri buti on and its subclasses for generating integer keys
and theSt ati sti cs class for recording information are not shown in Figure @B f
simplicity. The classes with names in italics are static tiedbthers owned and instantiated
by those referring to them.

The Oper at or uses a utensil cladéet ri ¢ to control the statistical measures of the test
runs. The functionality oMet ri ¢ follows closely of that used by Esko Nuutila [42].
For each metric, an instance of the class is created thas leodd the number of samples,
their sum and square-sum. From the stored information, ek, standard deviation,
variance, etc. are calculated, as recommended by Jaind22jdid drawing conclusions
from only the average of the samples.

Whether a desired accuracy has been reached can be detkimine ways:e is the upper
limit to the ratio between the half-length and the mid-pombereas’ is the upper limit to
the amount of error in an estimate. If the collected data snaekeast one of these limits,
and the initial 30 iterations have been ran, the applicatiay move on to the next factor
configuration. The iteration thus ceases when either tlagivelerrore or the absolute error
6 becomes sufficiently small. The probability that a sampledgs into the confidence
interval is selected through; the probability ist00(1 — a)%.

Thus the confidence interval is defined with three variablesj, ande, defined to each
metric separately as constructor parameters. The progydetbat performs the calculation
and evaluated the confidence level during run-time is adofjpten Nuutila [42] as well by
translating the G+ code into Java.

For the measurement setande for both given the valu€.025 for each metric. The even
distribution test runs would easily meet tighter bounds the dense distribution expresses
irregularity that causes oscillation in the statistics.
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The absolute erraf cannot be defined the same for all, as it depends of the expeagni-
tude of the measured value. With the number of links travkpse key, the average value is
of the same magnitude than the tree height log n —0.328, which forn = 100 000 gives
approximately24 and the tree grows throughout the test sequence. As thd acimber of
link traverses is an integer, it is sufficient to know the tesfithe metric in the accuracy of
an integer. Thug = 0.025 was chosen for the both of the link traverse metrics, as ttie pa
in balancing is of the same order than the path in locatepadth hopefully with a smaller
coefficient, as it should end earlier.

TABLE 7.3: Information stored per operation sequence.

\ Phase \ Information \

Locate | Number of links traversed
Update | Number of successful operation
Number of position leaves
Balance| Number of links traversed
Number of single rotations made
Number of double rotations made

[72)

For the metric measuring the number of rotations, i.e. thke teorganization related to
rotating. Each single rotation requires three link updates each double rotation four (see
e.g. Section 2.5). The magnitude of the total number of imatis relative to the group
size byO(m) in single insertions an@(3-*_, log?m;) in relaxed balancing. Dividing the
total number of link updates in rotations with the numbemafirted keys, which is close to
the group size, should give values close to one. As this isadlenvalue than the others, a
tighter = 0.00025 is chosen to ensure similar accuracy for all metrics.

7.4 Measurements

The experiments were conducted on a workstation with asi®@0 MHz Pentium 11l pro-
cessor running Java 1.3 on Red Hat Linux, release 6.2. ThHecsize was 256 KB and
there was 512 MB of main memory. As processor ticks or othapteral measures are not
used to evaluate the performance, the details of the equipane not significant. For the
same reason, it was not necessary to eliminate all other wtmgpfrom the workstation at
the time of the test runs. They were mainly run on the backuytpas the application is
very independent in performing the test runs.

As the model application starts by executifigst er in package ndex. t est , it reads

in application parameters from a file whose name is given asrarand line argument.
Currently this file only holds the name of the file containingtem parameters for the
text runs. The clas@per at or of the same package first parses the system parameters and
factors from that file and then begins a loop, in which anaittiee is first generated and then

a sequence of operations is performed on that tree acctydimghe system parameters.
This is repeated until the desired confidence is attainethtBometrics, namely the number

of link traverses in locate and balance, and the number afionis. More metrics are easily
added into the implementation as necessary.

For each parameter set, the application records the sigmiffgures of each iteratio0
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at minimum, 90 at most, in an output file. At the end of each such file it appehds
results from the metrics; all the metric information, maapbortantly the mean value and
the standard deviation. These results are also summadgether from all parameter sets
in a single file for simplicity of further processing.

The results of the test runs were used to construct the tableégigures of the following
section. The processing could easily be automated and-atéshin the model application,
but it is beneficial to look at the plain figures and check whethey look reasonable be-
fore analyzing the actual outcome. Even though the impléatien has been tested and
examined intensively, it is hardly ever certain that a pangsvould not face on unexpected
situation that distort the results.

7.5 Test Results

For each of th&4 parameter sets, the three metrics were recorded and adalfxsehese
sets are identified by the system variation, distributiow sequence size, | will review here
the system variations, metrics, and the recording proeedtine three variations measured
are:

e Single updates with strictly coupled balancing
e Group updates with strictly coupled balancing

e Group updates with relaxed balancing

The three metrics measured are:

e The number of links traversed per key in locate phase
e The number of links relocated as rotation work in balancespha

e The number of links traversed per inserted key in balancegha

For the group variations, also the number of keys locatedhénsbme position leaf is of
interest, as the number of position leaves was relevantialgorithm analysis of the locate
phase. As not all keys are successfully inserted, | alsardecothe size of the subgroups
actually inserted into the index.

The values for the metrics are calculated over an entireatipersequence, so direct com-
parison of different group sizes on the same distributicthgrstem variation is not reason-
able. As the group size changes, also the rate of tree grdwethges. The resulting tree
for the smallest group size is somewhat belti 000, whereas for the largest group size
the resulting size is arourtb0 000. Thus comparing the number of e.g. link traversals in
otherwise the same setup gives a pessimistic trend, asahgtowth introduces a longer
absolute path from the root to the leaves. The main interdfdhe experiments is to com-
pare the different system variations for two different idligttions using three group sizes
and not to examine the trends within a system variation.
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When interpreting the measurement results, it is also itapoito keep in mind that the
dense distribution does not exhibit any pattern as less &eyased than obtained from the
bible. Thus also the details of the key distribution charigagwith the group size.

In this section, the collected data is presented and exqaaiiConclusions are not drawn
until the next section to provide a more objective view onditgation, as all of the data can
be viewed first.

7.5.1 Single Operations

The test runs with the even distributions could have easdyewen unnecessarily tight con-
fidence levels, as the distribution met its definition wellldne metrics used were directly
measurable instead of resorting to approximation. Taldlsdmmarizes the mean (average)
values and the standard deviation for the three metrics.effeet of tree growth is visible
here; as the key distribution is uniform and the initial teie only ten percent of the key
space, an insertion is quite likely to succeed. Thus thesfaite group size, the faster the
growth, and the longer the search paths. Also the numbenlotipdates (three in a single
rotation, four in a double rotation) grows moderately astthe grows, but in a lower order
of magnitude than the search path. This is because the nwhbatations is not directly
dependent on the tree size.

TABLE 7.4: Statistics for single insertions with even key disttibn

Metric Group size | 500 1000 2500
Path per key Mean value| 18.41 18.83 19.53
in locate Std dev. 1.67-1073 | 1.93-1073 | 1.51-1073
Link updates Mean value| 1.567 1.587 1.606
per insertion Std dev. 5.10-1073 | 4291073 | 3.46-1073
Balancing path | Mean value| 3.768 3.774 3.779
per insertion Std dev. 1.85-1073 | 1.50-1073 | 1.13-1073

As the tree size was chosen¥) 000, andlog, 100 000 ~ 16 and the corresponding AVL
height from Theorem 2.1 is approximately, it can be seen that the calculated path lengths
match their expected range.

The number of link updates can be related to the number ofisosaby signifying one
rotation as3.5 link updates, average from single and double rotationsghtyuof equal
probabilities. Thus as the probability of a rotation, cééed from the values of Table 7.4
is approximately 45 percent. This is again a good match twrEm 6.11, estimating the
probability below0.56 and guaranteeing it to be abovg7.

In the model implementation also the last traverse to therganode is counted to be a
part of the balancing path, although it is not traversed astation is already performed.

This is because the proceeding to the parent is includeckinatiation selecting procedure
presented in Section 5.4, used both for the single and grpepations. Therefore, by

subtracting that one traverse from the figures of the tabéerdsulting values are very close
to the amortized boun2.618 given in Theorem 6.12.

As all of the metrics meet their analytic estimates so watli$t the model implementation
and the measurements to be reliable. A more difficult cadeeisiense distribution gener-
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ated from the Bible, as it exhibits more irregular behavidrose values are summarized in
Table 7.5.

TABLE 7.5: Statistics for single insertions with dense key distibn

Metric Group size | 500 1000 2500
Path per key Mean value| 16.87 16.86 17.01
in locate Std dev. 1.65-1071 | 1.37-1071 | 2.21-1071
Link updates Mean value| 1.741 1.786 1.941
per insertion Std dev. 2.23-1072 | 2.85-1072 | 3.74-1072
Balancing path | Mean value| 3.818 3.831 3.878
per insertion Std dev. 7.48-1073 | 9.20-1073 | 1.21-1072

The striking feature is that the path length is smaller tiethé corresponding even distribu-
tion. This is due to the short interval from which the keyssakected: there are onl 566
different possibilities, so the majority of the operatidas and the tree does not grow as it
does in the even case. This also drops the number of succiessfiions to almost exactly
12566 per sequence, if the key sequence happens to include evedyofvthe Bible once.
Thus the standard deviations are larger, as the number oéssftl samples has decreased.
They are however still sufficiently small not to inhibit ptafble analysis.

As already pointed out, the tree growth is much slower andliffierences in location path
length minor. However, as the insertions go in the same qouf the tree, a little more
than ten percent of the tree width00 000 versusl2 566), that one portion is the only one
that grows. Thus rotations are more likely to occur and aghérilevel. The amount of re-
balancing work appears to grow more rapidly with the groap $br the dense distribution.

Keeping in mind that the shorter location paths are only alre$ slower growth (i.e. more
failed operations), it is evident that the single-caseisteébalance system performs best for
an even distribution.

7.5.2 Group Operations

The test sequences with group update used both of the badpscihema. First, as a better
analogy to the single-case, | present the data collected fhe strictly balanced group
operations. They used the exactly same locate and updase phaplementations than the
relaxed-balance version, but only called the group relgal@peration once from the update
position, ignoring all branching points and proceeding apg until balance is achieved.
Table 7.6 summarizes the results, now also containing teeo$ithe subgroups in the locate
phase and the actual number of keys inserted per positioa.rddson for presenting both
is that some of the insertions of course fail, thus causiegatttually constructed subtrees
to be smaller than the subgroup size would suggest. The aubgize itself is interesting
as it helps to understand how many operations have failed.

Here the path per key drops as the group size grows, evenltthtiegtree grows in the
same rate than for the evenly distributed single case. Tthesthe same as both operation
sequences use key lists that contain no duplicates. Thissengéally the reason why the
concept of group size was introduced on the single operatsrwell. Thus, as it is known
that the tree grows from the single case, it is evident thatsévings made by resorting
to group update increase with group size and even more fopeddrees. The number of
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Metric Group size | 500 1000 2500

Path per key Mean value| 9.54 8.95 8.31

in locate Std dev. 3.97-1073 | 2.84-107% | 1.88-1073
Link updates Mean value| 1.572 1.596 1.620

per insertion Std dev. 4.54-1073 | 3.34-1073 | 2.14-1073
Balancing path | Mean value| 4.664 4.683 4.699

per insertion Std dev. 3.76-1072 | 2.99-1072 | 2.09-1073
Subgroup size | Mean value| 1.0027 1.0040 1.0058

in locate Std dev. 1.21-107% | 1.17-107* | 8.57-107°
Keys inserted | Mean value| 1.0000 1.0000 1.0001

per position Std dev. 1.00-1075 | 1.08-107° | 1.45-107°

TABLE 7.6: Statistics for strictly coupled group insertions wétlen key distribution

rotations is almost exactly the same as in the respectivglesitase; the number of re-
linkings is only one hundredth part larger in the strictlyipted group case. The probability
of a rotation per key is therefore only couple of percent bigh

The length of the rebalancing path has grown by a little lkas bne, due to the occasional
downward proceeding in the sibling subtree of the originatibalanced one. special Also
the treatment needed after double rotations in group upagqikained in Section 5.4 is a
probable cause of the risen balance-traversing costs. dlaading path still increases very
moderately with the tree size, as in the single case.

The dense distribution was also used to examine the behai/itbe group update. As in
prospect by the algorithm analysis and the results of MaB¥i,[the dense distribution
gains even larger savings in the locate phase, as shown i@ Tab

TABLE 7.7: Statistics for strictly coupled group insertions wdtnse key distribution

Metric Group size | 500 1000 2500

Path per key Mean value| 4.73 4.26 4.15

in locate Std dev. 1.31-107! | 6.27-1072 | 2.49-1071
Link updates Mean value| 1.837 1.905 1.964

per insertion Std dev. 2.33-1072 | 2.71-1072 | 1.17-107!
Balancing path | Mean value| 4.727 4.695 4.147

per insertion Std dev. 6.48-1072 | 7.72-1072 | 2.49-107¢
Subgroup size | Mean value| 1.0178 1.0208 1.0174

in locate Std dev. 3.69-1072 | 3.79-1073 | 4.80-1073
Keys inserted | Meanvalue| 1.0258 1.0451 1.2310
per position Std dev. 1.60-1072 | 1.87-1072 | 7.81-1072

The locate path drastically drops to about one half of whatais for the even i.e. sparse
distribution. The balancing path is of the very same magleitiout the amount of rotation
work rises. This is the same effect as in the correspondimgjesicase transition from even
to a dense distribution: as more of the insertions come osdh®e area, that area overall
grows more rapidly than the neighboring areas, causing moda¢ions. Also note that the
sizes of the subgroups and consequently the constructéekesigrows as the inserted keys
come from a thin interval in the key space.



7.5. Test Results 71

The last two tables contain the data collected from the thygtem variation, the com-
plete algorithm of Chapter 5: group updates with relaxedlaeiring. Many of the data is
naturally almost identical to the strictly-coupled groypdate, as the only difference is in
rebalancing.

TABLE 7.8: Statistics for relaxed-balance group insertions witbn key distribution

Metric Group size | 500 1000 2500

Path per key Mean value| 9.54 8.95 8.31

in locate Std dev. 2.93-1072 | 2.95-1073 | 1.79-1073
Link updates Mean value| 1.569 1.592 1.612

per insertion Std dev. 5.69-1073 | 3.30-1073 | 2.80-1073
Balancing path | Mean value| 5.597 5.595 5.576

per insertion Std dev. 4.80-1073 | 3.46-1073 | 2.99-1073
Subgroup size | Mean value| 1.0027 1.0040 1.0058

in locate Std dev. 1.13-107* | 1.31-107% | 1.01-1075
Keys inserted | Mean value| 1.0000 1.0000 1.0001

per position Std dev. 8.65-107°¢ | 8.72-1076 | 1.17-107°

The number of link updates is a little smaller than in thecliricoupled case, but only
less than one hundredth part. This it can be concluded tleatatation work definitely
does not increase when relaxed-balance is taken into ugebdihncing path increases by
a little less than one step, which is due to the branchingtmbiacks. When checking for
balance in a branching point, the procedbed anceRout er retrieves the parent node
just as for any other node, even when the branching node waalamce to begin with. If
the implementation only calculated those link traverses wWere actually used to proceed
in the balancing, the figure would be smaller. Neverthelasshe number of branching
points cannot exceed the number of position leaves, whialiitde less than the number of
keys judged by the subgroup size, removing this overheadtikely to result in exactly
the same balancing path.

For the dense distribution with relaxed balancing, thdilikend of a rotation again increases
due to the locality of the insertions on only one area. At firseems surprising that also
the balancing path appears to drop, but the slower rate efgirewth must be taken into
consideration. It is natural that when the tree is smaller,tath length drops some. This
however does not explain why the balancing path gets smalter same trend is apparent
in all of the group variations with both distributions.

One influential factor for the relaxed case is that the sebtieserted in sibling positions
'cancel out’ each other’s effect, but this is not the exptenmaas the phenomena is also
inherent in the strictly-coupled group updates. The aceason here is that the dense dis-
tribution is combined with a larger group size, the insedabitrees begin to grow larger.
This is apparent from the statistics for keys inserted psitipm. The dependency of rota-
tion cost in subgroup sizes begins to be visible and causesttberved decrease, although
the subgroups are still generally quite small.

Note that the match between the strictly-coupled and relaese is not as exact with the
dense distribution as it was with the even distribution. sTikibecause of the irregularity
of the dense distribution; depending on the position of tis&itution reader in the source
data, essentially different key lists are created withim tthin interval and the amount of
successful insertions depends on the initial tree, gezeigain for every test run. There is
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TABLE 7.9: Statistics for relaxed-balance group insertions wéhse key distribution

Metric Group size | 500 1000 2500

Path per key Mean value| 4.69 4.25 3.52

in locate Std dev. 1.33-107% | 8.46-1072 | 1.26- 102
Link updates Mean value| 1.779 1.791 1.681

per insertion Std dev. 3.11-1072 | 4.02-1072 | 2.71-1072
Balancing path | Mean value| 5.248 5.049 4.068

per insertion Std dev. 1.08-1071 | 4.02-1072 | 7.36-10!
Subgroup size | Mean value| 1.0188 1.0218 1.0149

in locate Std dev. 4.01-1073 | 5.19-107% | 1.79-1073
Keys inserted | Mean value| 1.0277 1.0506 1.1875

per position Std dev. 1.74-1072 | 2.57-1072 | 2.21-1072

also a curiosity here: the number of link updates sudderdpgifor the largest group size,
when in all of the other variations it grows together with treup size. This is again due
to the increasing subgroup size: as less rotations are desdtbgether, the path traversed
drops as well.

7.6 Evaluation

To fluently compare the performance of the system variatibosnstructed diagrams of
the recorded metrics. The histograms of Figure 7.4 showethgth of the path traversed in
locate phase by the single-case (with darker columns) andribup approach (with lighter
columns) for each group size. It is evident that as the even distribution is the sparsest
distribution available (making it sparser somewhere waalgse dense intervals elsewhere),
the group operations will locate the position leaves witli tidless of the effort that it takes
for the single operations to reach the position leaves. Witgenerated dense distribution,
the savings are nearfgh percent. The graph was generated from the corresponditestab
in the previous section by rounding the values to the nehadtt
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FIGURE 7.4: The number of links traversed in the locate phase fositmgle-operations
and the group-operatio@ algorithms withm € {500, 1000, 2 500}.

Similarly, the number of link updates per inserted key issiltated in Figure 7.5, constructed
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from the tables of the previous section rounding as necgsBlate that the value axis are
neither of equal spacing nor position. One rotation canralgaiconsidered aboat5 link
updates.
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FIGURE 7.5: The number of link updates in the balance phase for tiygesoperatiors, the
strictly coupled group-operatiof¥, and the relaxed-balance group-operati®malgorithms
with m € {500, 1000,2500}.

It is apparent that the number of link updates and thus thegtitty of a rotation grows
with the group size, as the rate of tree growth is directlyedelent on that. In a larger
tree, there are more possible balance conflicts to resolke.differences between system
variations are only about one percent. These results doivetgason to make general as-
sumptions on the superiority of one approach to anothehesgifferences are of such small
order. It is safe to conclude that the number of rotationgiidyf constant no matter how a
certain number of keys is inserted in a tree of a certain sigdong as there is essentially
one key per position leaf. The assumption of small subgrazelsads from the fact that
single operations always have exactly one key per positiantine, and the statistics pre-
sented in the previous section show that the average sizeulifgaoup is practically one for
even distribution and does not rise higher tha8 even with a dense distribution covering
a little more thanl0 percent of the key space. The behavior of the dense distibir
Figure 7.5 seems quite erratic for the relaxed case, whidhago the increasing subgroup
size as discussed in the previous section.

What comes to the third metric, the path length in balanceg@hthhe group size seems to
have no effect when using the even key distribution; theetiffice between system varia-
tions stays nearly constant. The relaxed-balance grodptapalgorithm spends the most
effort in traversing the tree due to the branching pointhqueue. The strictly coupled
group approach also requires some extra traversing caystt lmownward traverse due
to multiple rotations in one router. Clearly the most efintieebalancing traverse is per-
formed by the single-case scenario, saving a little less dme link traverse in comparison
to the strictly balanced group update and a little less thanink traverses compared to the
relaxed-balance group update.

As the group size has almost no effect, omty= 500 is drawn in Figure 7.6 for the even
distribution. Again the dense distribution behaves in aexpected fashion, and is therefore
drawn for all group sizes.

In the single case, the balancing path grows a little alorip thie group size. The growth is
more apparent than in the corresponding situation withike key distribution. For both of
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FIGURE 7.6: The number of links traversed in the balance phase #osithgle-operation
S, the strictly coupled group-operati@n, and the relaxed-balance group-operatialgo-
rithms withm € {500, 1000, 2 500}. Only m = 500 drawn for the even key distribution.

the group approaches, the balancing path drops as the geeugrews. This is a clear trend

with both system variations, but more palpable in the releb@&ance approach. As the keys
are generated from a thin interval, the increase in group cses the mutual distance
between position leaves to shorten. As consequence ofttieis;ommon postfixes in the

balancing path grow longer and the individual balancindhpadr subgroup gets smaller,
hence decreasing the total balancing path.

Considering the three phases as an entity, it is safe to wdadhat the proposed group-
update relaxed-balance solution performs the best outdfitiee tested variations. It brings
savings in the locate traverse that are multiples of theaedst it introduces in the balance
traverse, and the difference in rotation work is so dimireuthat the locate savings cover
that up as well. The strictly-coupled group-update algponitcauses less traversing in the
balance phase, which practically comes from the fact treb#iance check in a branching
point increases the path length even when it does not prao@gshere. As that is a mere
implementation detail of the measurements, it cannot bardegl as an advantage over the
relaxed version. The strictly coupled group approach asaires more rotation work than
the relaxed alternative; it is expected on the basis of thedbanalysis that this difference
will grow more significant as the subgroup size increases.

20 T 20 T

10 T 10 T

[ANANARRANAN

SGR SGR SGR SGR SGR SGR
Even distribution Dense distribution

FIGURE 7.7: The total cost of the single-operatiéh the strictly coupled group-operation
G, and the relaxed-balance group-operatidalgorithms withm € {500, 1000, 2 500}.

Calculating the measured cost of all phases together fogemyp size (one link update is
considered as expensive as a link traverse for simpliditg) superiority of the group update
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is evident. This is shown in Figure 7.7. With these measuntmesults, the comparison
relaxed balancing and strict coupling in the group case aaha conclusively set in the
favor of either one, but is left to the formal analysis. Fertbxperiments will likely settle
this in favor of the relaxed balancing, considering the fimility of neighboring subtrees
compensating for each other’s growth and the analyticaili®es

To obtain such results in the future, it would be of interestbonduct experiments that
describe the behavior of the algorithm when large subgraupshe default outcome. These
experiments focused on quite small subgroups as the goatavasamine whether the

performance is inferior to the single case in unfavorableuchstances. Obviously, as the
most common subgroup size was one, the full power of the gupaate relaxed-balance
algorithm is not shown, as the predictegs? m for the number of rotations only has an
effect for larger group sizes. One way to encourage largenmsizes would be to allow

duplicate keys; full-text indexing with duplicate keys aogpanied by position information

would easily increase the subgroup size.

Another point of further interest is to measure the true sddhe rebalancing process with
more metrics than just the apparent balancing path to find/bat if anything causes differ-
ences in the span of the strictly-coupled update to the edldzalance version. The reason
why group update cannot in general reach the same path ldmgiithe single case is ob-
viously the downward proceeding caused by multiple rotetion one router, which cannot
be avoided unless the standard rotations are replaced mathex rebalancing schema.



Chapter 8

Conclusions

The proposed algorithm successfully combines the two ingr@nt strategies of group
update and relaxed balancing. The search of keys from thexirgdsubstantially faster

when performed to sorted groups of keys than for a sequergiagié keys in any order. In

many application areas the sorting of the keys can be fludothe outside the index on the
client side, and many applications produce data that isaat fgartially in order by default.

It is also typical for many applications that the data asgiaet individually but clustered.

The combinatorial discussion of the algorithm analysietbgr with the experimental re-
sults lead to the conclusion that the required path lengihrisost one half of the single-case
path length. For a key distribution other than uniform, theisgs are even larger. The sav-
ings are based on the common prefixes on the search pathssandnalhe possibility of
two or more keys sharing the same position in the tree. In &lsameration, only one of
the keys in the same position leaf can be successful, but exsar operation they can all
succeed.

As each update operation begins with a search, or more gegely, a locate phase, the
same savings are made for insertions and deletions. Thal aofplementation of the update
in a concurrent index will also require less locking in theup mode — none at best. Each
position leaf is replaced by a new subtree, and the numbersitipns is at most the number
of keys. Combinatorics again show that it is quite likely&agroup of keys to have common
positions, saving at least one lock per each key that sharesition leaf with another.

In the rebalancing phase, the placement of more than onelteg same position can result
in savings because of the common balancing path. The relaadedice approach introduces
new savings by allowing the insertions of adjacent leavéstance each other even without
rotations. The biggest computational advantage of theedldalancing is however the
benefit from common postfixes in balancing paths: as two I@mof rebalancing join
at a router, only one of them needs to continue upwards. Togoped algorithm also
presents the stopping conditions of balancing formulatedhe group update, allowing to
stop rebalancing as soon as all imbalance is known to beredteni.

The main goal of the experiments was to examine the perfaemahthe proposed algo-
rithm in situations favorable to the single approach: kegimdp uniformly distributed and

the subgroup sizes being very small, practically just oneder position leaf. These ex-
periments were able to demonstrate the savings for thedlqd@se and to verify that the
rebalancing is of very similar complexity for small key seques regardless of whether

76
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they are inserted individually or as a group and whether thieybalanced strictly after the
update or together as relaxed balancing. Also a densebdititnh was used in the experi-
ments to demonstrate the increase in locate savings andfelce @& position distance and
subgroup size (even though still very small) to the balamepiexity.

Further research is needed to examine the scale of the iemmet achieved in situations
closer to real-life indexing, but the experiments on thenbvdistributed keys reliably shows
the competitive strength of the proposed algorithm. It sealf future interest to define the
locking procedures for the algorithm and to refine the batapalgorithm to allow also
update operations to interleave. Further work on employiffigient group strategies in
deletions or combined operation sequences is also of pahatierest.

It is safe to conclude that the group-update relaxed-belatgorithm presented in this the-
sis does not cause noteworthy downgrade in the index pesforenin the most unfavorable
circumstances, simultaneously enabling substantiahgawinder most conditions. Relaxed
balancing also allows for a more flexible scheduling of tltkeinoperations through the pos-
sibility of running the rebalancing on the background andsiay as necessary. Similarly
both group update and relaxed balancing ease the concurcentrol of the index by re-
ducing the locking frequency and preventing congestidowéthg more efficient use of the
index.
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